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Abstract

In this paper, we consider semi parametric regression model where the mean function of this
model has two part, the parametric ( first part ) is assumed to be linear function of p-
dimensional covariates and nonparametric ( second part ) is assumed to be a smooth penalized
spline. By using a convenient connection between penalized splines and mixed models, we can
representation semi parametric regression model as mixed model. Bayesian approach to semi
parametric regression is described using fuzzy sets and membership functions. The membership
functions are interpretedas likelihood functions for the model. Bayesian approach is employed
to making inferences on the resulting mixed model coefficients, and we prove some theorems

about posterior and Bayes factor.
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1. Introduction

Consider the model:

Y= ey + M+ @

wherey, , ..., ¥, response variables and the
unobserved errors areey , ..., €, are known to
be i.i.d.

covarianceo?Iwith o2 unknown.

normal with mean 0 and

The mean function of the regression model
in (1) has two parts. The parametric ( first
part ) is assumed to be linear function of p-
and

dimensiond covariatesx;

nonparametric (second part) m(x,4q14)iS
function defined on some index set T c R'.
Inferences about model (1) such as its
estimation as well as model checking are of
Interest.

A Bayesian approach to (fully) semi
parametric regression problems typicaly
requires specifying prior distributions on
function spaces which is rather difficult to
handle. The extent of the complexity of this
approach can be gauged from sources such
as Angers and Delampady (see [1]),Ghosh
[8]),and  Lenk

Furthermore,

and

(seef9]),
quantifying useful

Ramamoorthi(see

and so on,
prior information of
model (1) such as “g is close to (a specified
function) g“” ( we will define this function

in section 5) is difficult probabiligtically,
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i=12,...,n(1)
whereas this seems quite straightforward if
instead an appropriate metric on the
concerned function space is used. This is
where fuzzy sets or membership functions
can be made use of .

In this paper, a simple Bayesian approach
tosemiparametric regression is described
using fuzzy sets and membership functions.
The membership
interpretedasikelihood functions for the

functions are
model, so that with the help of a reference
prior they can be transformed to prior
density functions. By using penalized spline
for the nonparametric function ( second part
) of the model (1) we can representation
semi parametric regression model (1) as
mixed model and Bayesian approach is
employed to making inferences on the
resulting mixed model coefficients, and we
prove some theorems about posterior and
Bayes factor.

2. Fuzzy sets and member ship functions
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A fuzzy subset A of a space G (or just a
fuzzy set A) is defined by a membership
function:

h,: G - [0, 1](see[2,3,5,15,16]).

The membership function, h,(g), is
supposed to express the degree of
compatibility of g with A.

For example, if G isthered line and A is

the set of points “clossto 07 , then

hs(0) =1 indicates that O is certainly
included in A, but h,(0.07) = 0.03says
that 0.07 is not really "close" to O in this
context. Similarly, if G is a set of functions
and A c G isaset of functions "close" to a
g’ thenh,(g®) = 1
indicates that g“ is certainly included in A;
however, if h,(g') = 0.03with g'(x) =
4g°(x) + 24 really

“close” to g" in this case.Note that even

given function

then g!' is not
when G = 0 is the parameter space, a
h,(0)is
probability density or mass function defined

membership  function not a
on ©, and hence cannot be usedto obtain a

prior distribution directly.
AngersandDelampady (see [3])proposethat a
reasonable interpretation for a fuzzy subset
A of 0 isthat it is a likelihoodfunction for
#given A.Anotherimportant question is how

to define hyns from h,; and hg for
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incorporating h, andhg in Bayesian
inference. If A and B are independent, then
likelihood
functions leads to the result thath,,z =
hqhg, this the

gualitative ordering

interpreting h, andhy as

for purpose.Further,

that underlies a

membership function also

beinvestigated with this interpretation, in

can

conjunction with a prior distribution, (see

[3]).

3. Mixed Models

The general form of a linear mixed
model for the ith subject (i = 1,..., n) is
given asfollows (see[14,17]),
Yi=XB+Ti1Ziw + ¢
u; ~N(0,G,), €~N(O,Ry) (2)
where the vector ¥; has length m;, X; and
Z; are, respectively, am; X p design matrix
and a m; X g; design matrix of fixed and
random effects. fis a p-vector of fixed
effects and u;; are the q;-vectors of random
effects. The variance matrix G; is a g; X g;
matrix and R; isam; X m; matrix.
the random effects
1,..,r} and the

We assume that

{u'{ ;I = 1;---;”;} =
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set of eror tems {e,..,€,} ae
independent. In matrix notation,

Y=X +Z +e (3)
Here Y = (¥,,....7)T has length

N=Y" m, X=X, .. X)TisaNxp
design matrix of fixed effects, Zisa N X g
block diagonal design matrix of random

effects, q = f_, qi,u= (uj,..,uh)!isa

g-vector of random effects, R =
d (Ry..,R,) isaN x N matrix and
G=d (Gg..,G) IS a g X g block
diagonal matrix.
where
— ﬁc -
B4 ﬁ Uy
Y = s‘,;;:ﬁ‘” u=|ilz=
Y p:H Uy
_ﬁp-l-q_
1 Xq xp-;
¥ = 1 Xq II.-,Q
[1 X1n Xp

We assume that the function gis:

And its prior guess g” can be written as:

4. Semiparametric regression and spline

The model (1) can be expressed as a smooth
penalized spline with q degreethenit's
become as(see [14]):
Yi = ?:c Byx; + 2?21 ﬁﬁHx}:H,a +
Y1k (Xpars — ki) + € (4)
Where ky, ...,k are inner knots a < k; <
0y < Ky < b.
By using a convenient connection between

penalized splines and mixed models. Model
(4) isrewritten as follows(see [11,14])

Y=X +2Z +€(5

(x_n+1,1 - kﬂ‘i (xp+1,1 - kﬁ)i

(xpﬂ,'n - ‘E'-'"!)fi (xpﬂ,'n - ‘E‘:K)‘i

q
Xp+1,1 Xp+1,1

q
Xp+1,2 Xp+1,2

q J
Xp+1,n xpﬂ,‘n

g=X +Z (6

g¥ = XY + Zu® (7)

Further, some of the a priori information penalized spline coefficients can be translated into:

E(e) = 0;

(A
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(e) = 0?1

E(B) = 0; v (B)= 05l (8)
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E(u) =0;
The term X in (5) is the pure polynomial
component of the spline, and Z is the
component with spline truncated functions
with covariance o020Q, whereQ = ZZ7.
Letting (B,u,03,02) be the parameter
vector, the mixed model gspecifies a
N(0,02I) prior on u as wel as the
likelihood, f(Y|f,u,02,02). To specify a
complete Bayesian model, we also need a
prior distribution on (8,02,02). Assuming
that little is known about f3, it makes sense
to put an improper uniform prior on 3. Or, if
a proper prior is desired, one could use a
N(O, nff.f) prior with n§ 0 large that, for all
intents and purposes, the normal distribution
Is uniform on the range of . Therefore, we
will use ny(f) = 1. We will assume that
the prior on o is inverse gamma with
parameters A, and B, — denoted It (A, B,)

— so that itsdensity is

AL o2y uee (-2)(9)

1(08) = 755 o2

Also, we assume that:
'DEN I (‘qw Eu)

Here A, B., A,and B, are

“hyperparameters” that determine the priors

v (w) = o3l

and must be chosen by the statistician.
These hyperparameters must be strictly
positive in order for the priors to be proper.

If A, and B,, were zero, then m,(02) would
be proportional to the improper prior i :

which is equivalent to log(o.) having an
improper uniform prior. Therefore, choosing
A, and B, both close to zero (say, both equal
to 0.1) gives an essentialy noninformative,
but proper, prior. The same reasoning
applies to 4, and B,. The model we have
constructed is a hierarchica Bayes model,
where the random variables are arranged in
a hierarchy such that distributions at each
level are determined by the random
variables in the previous levels. At the
bottom of the hierarchy are the known
hyperparameters. At the next level are the
fixed effects parameters and variance
components whose distributions  are
determined by the hyperparameters. At the
level above this are the random effects,
uand e, whose distributions are determined
by the variance components. The top level

contains the data, y.( see[14] )

5. Prior information and M ember ship functions
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We have explained in the previous section that we would like to make use of impreciseprior
information such as “g is close to g“” by using a membership function (see [3,7,12]) which
trandates this into a measure of distance between the corresponding penalized spline
coefficients. Let us examine the implications of assuming that the available prior information is
guantified in terms of a membership function

ha(g) = ¢(d(g g")),
Whered is a measure of distancein L,. Due to the penalized spline decomposition assumed on

gaswell as g”(see section 4), anatural choicefor d isthe distance given by
di(g g =llg—g’lI*=IIX +Z2 —XB+Zu")|?= |l —CF°||*= Z(F — F9)2
WhereC = [X,Z] and F = [B,u]”

We will use a membership function that will depend only on d*(g, g"). Some possibilities for

h, are the following:

(1) The Gaussian member ship function given by:

ha(®) =e. (—d*(gg’))=e (—aX(F-F)*)(10)
This membership function can be explained as follows. Suppose we have available some past

data of the form
yi=x"f+sute

where
— ﬁc -
Vi B, Uy (pr11 — k) (a1 — kg
=i B= Bp+1 u= b= : q E q
¥ * *
Y : Uk (xpﬂ,'.rt* —ky)y o (xpﬂ,'.rt* — kg
_.ﬁpi'q_
*(f
l[ 1 x5 .. Xp1 Xp411 o Xp+1,1 }
* *0
T* _ | 1 TE x;z x;+1’2 xpﬂ’z
Xy xp'n* xpﬂ,‘n* xpﬂ,‘n*
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Supposeg = x + z isestimated from this data by g.Then the information in this data may be
guantified using a membership functionof the type

h@=e (—dgd)=e (lg— 8D =exp(—|c =T

= exp(—a Z(F — F)E)

g“may then be identified with §. If we have multiple past data sets, we may thenhaveavailable
ha (@) =e (—d*(9,84)), ha,(9) = e (—d*(9,82)), and soon, which may be combined

intoh,(9) = ha,na,(9) = ha,(@)ha,(9)
=e (—d*@@.01)e (—d*(9.§2))

= exp(—a, Z(F — .fj)z) — a5 Z(F — -fz)z))

= exp(—a,llg — §,1? — a,lig — §,11?)

As an example one could consider fitting regression lines to two (or more) sets of past data
with possibly different error variances and use the fitted regression lines along with the
estimated variances for constructing the membership functions. The constants @, and a,
provide additional scope for assigning different weights to the two sources of information,
which is another appealing feature of this approach.

The multivariatet membership function

ha(9) = (1+ d*(9,g°)N"* P2 = (1+ (F— FO)'V7I(F — F)/q)"*972 (1)

Where ¢ > 2 is the degrees of freedom and n denotes the dimension ofF, where( F =
[ £ ,u]). Thisis a continuous scale mixture of Gaussian membership functions with the same
g¥ for each of the membership functions. Since this vanishes more slowly than Gaussian

membership function, one could expect better robustness with this (seg[2,3]).

(iii) The uniform function

1, 61d(g9")=<4

ha(Q) = {O, 0 her e (12)
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This is an extreme case where g is restricted to a neighborhood of g“(seg[2,3]).In order to
proceed with Bayesian inference on g, we need to convert the membership function into a prior
density. Thus we obtain the prior density
(@)  ha(9)1(9),
or, upon utilizing the spline decomposition for g, we have an equivalent prior density
n(F,0f,05)  ha(F)ng(og,04).(13)
whereF = [ u]".

5. Posterior calculations

We have the model
Y|F,05,02 N(C ,0ll,+0;H+050Q).(14)
Whe € =[X Z].
Unless F has anormal prior distribution or a hierarchical prior with a conditionallynormal prior
distribution, analytical simplifications in the computation of posterior quantities are not
expected. For such cases, we have the joint posterior density of the penalized spline coefficients
F and the error variances o 2and o2 given by the expression.
n(F,o05,02|Y)  f(Y|F, 04 08) ha(F) ng(F,05,05)
Wheref isthelikelihood. From (14), f can be expressed as
fUYIF 04, 08)

—1-2 -1 ,
021, + ofH + 020Q| exp{7(r —C ) (02I,+0oiH

+02Q) (v —C )}
Proceeding further, suppose i, of the form
ng(F,04,08) = ny(og,08) (15)
whichis constant in F, is chosen.
Markov Chain Monte Carlo(M ) based approaches to posterior computations are now
readily available. For example, Gibbs sampling is straightforward (see|[ 3,14]).

Note that the conditional posterior densities are given by
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n(FIY,0d,02)  exp{Z (¥ =€ ) (021, +ofH+0iQ) (¥ = C ) hu(F) (16)
n(oZ|Y,F,02) |1:f§.l’.n + JEH + gEQ|_]/2 exp {_?1 (¥—c )T(Jgfﬂ + JEH + JEQ)_j(Y —
C )} (o 02)(17)
2 2 2 2 2] Y2 1 CNT 2 2 20Y) 2
w(os|Y, F.o07) |ne.f.”+nﬁH+an| exp{?(}’—{. ) (DEI-H+D£;H+DMQJ (Y —

¢ )}m(03,02) (18)
However, mgor simplifications are possible with the Gaussian h, as in (i)( see section 4 ).
Specificaly, assuming that h,(F) is proportional to the density of N(F,,1%I' ) with

2
12:’05 0]’{':
0

2
lp4q+1 0 ] .7 = ’”ﬁ lpaq+1 0
ﬂu

0 lipaqey) 0 04 lu—(paq1)
Y|F,05,02 ~N(C ,0ll,+0;H+0;Q) (19
F|t? ~ N(F,,1°T)
Therefore, it follows that
Yloz, 02 ~ N(CFE,, 021, + [C1*TrCT]) (20)
F|Y, 02,02 ~N(F, +A,(Y — CE,),A,) (21)
where
A, = {12T €THoZl, + [CT2TCTTY (22)
A, = 12T — 19T ¢7{?1, + [C12rCT{Cr} (23)

Now proceeding asin [3], we employ spectral decomposition to obtain € “I'¢T = Bi?I’ BT,
where D = diag(d,,...,d,,) is the matrix of eigenvalues and B is the orthogonal matrix of

eigenvectors. Thus,

2
1
021, +[C*TCT) = 02, + Br*I B" =B 21,87 + Bl BT =B 2(I,+—T )B

E

¥iptqen

= o2B(I, +
® (” 0 6I‘re—(p+q+1)

D)BT

Where § = 02/02 and y = 0;/02 Then, the first stage (conditional) marginal density of Y

giveno? and & can be written as
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m(Y|oZ,6,v)
1 1
= _ ex
(2no2)"/2 g Vlp+q+1 0 1/2 P 202
et [I” M [ 6"ﬂ—(p+q+1)] D}
I
: (;.“ + [F peatt } D ) BT(Y — CF)
n—(p+q+1)

_ 1 1
EEHGEJ 2 [I-lfI |I_:-II l[1+}f{1!]] 2[l_IE pJ'-(_llJ-z[-‘-"adi]] l'llllz

51 prgss i) H24)

where s = (s4,...,5,)T = BT(Y — CF,). We choose the prior on o2, § = 02/02 and y =

_ 1 gptat1_s
-2 Qi

o;/0f, qualitatively similar to the used in [3]. Specificaly, we take (o, ¥,8) to be
proportionalto the product of an inverse gamma density
{B.“/r(A)}e (—B./0o?)(02) “*Dfor o2 and the gamma density for y andthe density of
aF (b, a)distribution ford (for suitable choice of B,, 4., b and a). Conditions apply on a and
bsuchthat(se€[2,3]):

2b%(a+b—-2)

1- The prior covariance of y and &6(= w01 (—2)?

) isinfinite.

w? (b+2)(b+E)
2(u—4)(a+b+2)

2- The fisher information number = ( ) IS minimum.

. _ b(u-2) .
3- The prior mode = (u (Dﬂ)) is greater than 0.
This can bedoneby choosing2 <b<4anda =8(b+2)/(b—2)
Once 1, (02, y,8) is chosen as above, we obtain the posterior density of y, dgiven ¥, the

posterior mean and covariance matrix of F asin the following theorems.

Theoreml.: the posterior density of y, & givenY is:

(M) lyfe—1 ¥

¥ -1
ty (101Y) e (M @+ vd) ™ (M paquat +6d)) ™7 (28, +
—(n+2A.+2)y72
ptg+1 5 5
21 1+;¢I 2i- I“"‘?"'EH:‘_:{IJ (25)

Pr oof:

ny (v, 6]Y) = j m(Ylog,8,y) f (v, Ae. B) f(8,b,a) f(of, A, B)dog
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1 pravi 172 T -12 .
C ' [
j (2no2)"/2 !_J { A1 i sra B
gt
exp _20,& Z‘ 1+Fd
" 51'2 c h¥2qu? s&D-1
+ —
i pTa42 1+ 4d; exp B. B(b,a) (a+b )—(uﬂ.:,)/?
H[ B
2)~(Ac+1) ;
r(At) (Gt) exp ( O_t) dﬂ{:
— 2
wherec = o}
—-1-2
/2 (c ) exr)(j;_bb/ga“m @ )-1 ptq+l 1
- | [[asra) (]
( H) (I_(A:;))2 E(b, {1) (q + h )—(u-l-:_:g/z - (1 + }J'di) | (1
=1 [—p+g+2
7 jfl'h?'f'l
+ &d; e —
) ® é? 1+ yd
" §2
+ Z T +£5d_ (O.E)—(n-l-zﬂ,_.-l-z,)/?dﬂé?
i-p+q+2 ¢
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(c )Y*texp ;—t pt2 g2 51

ptq+1

= (2 —n/2 (n+2A, +Mj l 1
(2n) (T(A)?  B(ba) (a+b )_(aﬂ,n( ) (
—1-2 . ~1-2 ) prar
S.
+yd; Il 1+ 8d; e — 2B. + :Z: i
ydy) | aveay | eni-salamr )
[—p+tg+2 =
z z (n+2A.+2) 2
n ptgtl 5 n s
+ Z Sf ZB + z _1+}"ﬂa + 1:,1:a+q-|-2_1_|_'£mi -
1+ 6di ZDE &
[—p+g+2
p+q+1 —(n+2A. 422
.
1+ Fd 1+ 5d dog
[—p+g+2
—12 12
§E D1, A 1exp pta+1 " 1
(ﬂ,+b ) (H'I'Dn l l (1 + _]""d) l l (1 + 5d£) exp _202 ZBt
(—p+g+2 &
ptg+1l
- 2
1+ yd
2B, + Zp+q+1 5 +yn ra [(n+2A +4)2]-1
+ Z 1+yd, [-ptat2 4444, -
1*‘5d 202 .
[—p+g+2
pg+l . - : —(n+2A.+22
S " 5] .
N Z * Z dog
o 1+yd; 1+ &d,
-1 i—p+q+2
SO D-1yA Iexp—— ptg+1 —12 " -1-2
@xb )@z ((N+2A+4y72) l l (1+ ydy) l l (1 +68d,)
-1 i—-p+q+2
ptg+i —(n+2A. 422
2B, + Z
1+ Fd 1+ 5d

i—-ptq+2

152



Basrah journal of science (A) Vol. 32(1), 141-167, 2014

C  fptq+l —172 —172

ll5(JLV2)—1 },H.E—I exp ]
B.
-1 [—p+qg+2
prg+1 , - , —(n+2A, +2)2
5q Sj
" Z T+yd, Z 1+0d,
i-1 Ve [—p+q+2 ¢
Theorem?2: The posterior mean and covariance matrix of F are:
I 0 !
E(F|Y)=E, + I'C"B {(J.”+[’V prav }D) 1Y {s (26)
0 Oln—(p+q+1)
And
v (FIY) =

1 prq+1 5 - 5 _ 1 T
n+24,+2 E ’(25& * (25_1 1+yd, + 2 pugez HM‘J) “1 r e rc’'s ’(Zﬂe +

-1
ptg+1 .3!2 T .3!2 }"‘fp+q+1 O T
( -1 1+yd, + zi_p+Q+21+éﬂij) [!-” +[ 0 5I‘F!—(ﬁ+q+1) b |Y B'C +
E[R(y,8)R(y,8)"IY],  (27)

I
whereR(y, 1) = I'¢TB(, + | 719+ D) s
0

5"'-f!—(p+q+1)
Proof:
From (21):
E(F|Y) = F, + A;(Y — CF")
= F"" * {IEI'F‘F LIT}{DE"'H + 12‘;_”{" LIT}_I(Y - L'Fu)
-1

]D)BT} (¥ — CE)

-1
D) B~ (Y — CE
5"'{!—(p+q+1)} ( U)

B isthe orthogonal matrix of eigenvectors, then B-! = BTand B7 ' = B
Therefore

I
= F,+12,I 7 {af,{” +02B(I, + [‘F prati
0 5I‘n—(p+q+1)

12 _ 1
= F,+— 1, C"BT ! (;.“+ [‘V P

E
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E(F|Y) = F,

yl 0 yl 0 !
+I 7B [ 1“6‘?” 5 }(ha+[ prat ]D BT (Y
"'n—(pﬂ; +1) 0 6"';!—(p+q +1)
- {'IFL.I))
I 0 1
= F,+TC"BE {(.f.”+[y prav ]D) |}’}5
0 ‘5‘{;:—(1: +q+1)

. }""ph‘; +1 0 - . .
Where the expectation E (f.“ + [ ] D ) | ¥ ; istaken with respect to
0 ‘5‘{;:—(1: +q+1)

ity (¥, 8|Y)( seetheorem 1 above ). And by same way can prove the variance of FgivenY.

6. Model checking and Bayesfactors

An important and useful model checking problem in the present setup is checking the two
models

H, g=XB"+2Zu” =qg"ersusH, g=X +Z * g".
Under H,, (g = g(F),o3,02) is given the prior h,(F)ig(F,03,02) I(g # g“), whereasunder
H,, 11g(02) induced by n,(F, 03, 02) is the only part needed. In order toconduct the model

checking, we compute the Bayes factor, By, , of H, relative toH,:

— m(ylHy)
By () = Loy (28)

wherem (Y| H;) isthe predictive (marginal) density of y under modd H;,i = 0O, 1.
We have

m(Y|H,) = j f(YIg®, 02) ng(0d) do
and
m(Y|Hy) = f FOVIF,02,02) hy(F) mo(F,02,02)d o0d 2

As in the previous section 1,(02, 02) will be constant in F, whiles? is inverse gamma and is
independent of v, = 0//ojwhich is given the F, yprior distribution and v, = 0Z/0; which is

given the inverse gamma priordistribution. (Equivalently, § = 03/02 and y = oj/0? is given
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the F, ., Gamma prior as before.)Specifically, 11,(02) = r(ﬂ )(u 2)~(Ae41) g (—%J, where

A, and B, (small)are suitably chosen. Therefore,
mv1H,) = [ F(rlg?,0)me(o2) do

e B (o B ¥ - g°()°
— —n/2 _"k 2\—n/2 __F¢ 2)—(Ag+1) - 2
(@1) " o [ (02) ™ exp (%) (92) (D exp(— 5 Ty

+ =~ 00 (x))*

0é

)dog

— (2.‘,[)—'“/2 r(A )j( 2) (;:/2+HL+1)exp(_

B L 1 . LA 1
= (2m)™"? mj(ﬂf) Gracn) (B + > i — g% ()= (B, + > 6

B (=90 ()?

—g°(a))?) A D exp - do?
[
B [ (B, + 2 (v — g0 (x))D) A B, + 2 (i — 9° (x,))*
= (2n) "2 = Z - ; exp| — Z 5 (B,
F(Ae) (0 3){5*‘%”1 O¢
1 "
+5 00— 9 @)Y dog
; GHA+2)—1 ;
_ BX B +- (v — 9°(xp))? B. +- (i —9° (%))’
= (2n)~"V? = exp| — 2
r(A) 02 02

1 !
+5 00— 99 (x))2) "G do2

= (2n)v2 B r( + A+ 1B+ (v — 0°(x1))?) G2 do2(29)

1(A)
Further, using (20) it follows that:

m(Y|Hy, 0f,y,8) = (ZHDE)"(I'IIHQH(l +yd)) (I'Ii prgea(l+ 5d))) "

eXp{ (EIHQH 1:;»:1 2 ptq+d 1+M H (30)
Therefore,

m(Y|H,) = j m(Y|Hy, 02, y,8) 1g(02, vy, 8) doZ d d
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BHL. ptq+l —172 n
= [y amen(~g)ewa (| [ar | | ]] @
£ i—1 [—p+g+2
—172 p+q+1
+ 8d;) exp 1y d
2
+ Z s (08 dold d
i=p+g+2
ptq+i —172 i —¥2
= o @ [ (] ] ara [| a+sa)| ntr)
£ i—1 i—p+g+2
p+q+1
2
JeXp : 1+}rd Z 1+6d docd d
i—p+g+2
ptgtl —172 i —¥72
= i O 24 A f [ ] a+ra [ | a+sa
£ i—1 i—p+g+2
P -512 5 —(r2+c-1)
g (¥, 6) (B *3 z 1+yd, + 20 I""Q"'?Harzij d d (31)

6.1. Prior robustness of Bayes factors

Note that the most informative part of the prior density that we have used is contained in the
membership function h,. Since a membership function h,(F)is to be treated only as a
likelihood for F, any constant multiple ch, (F) aso contributesthe same prior information about
F. Therefore, a study of the robustness of theBayes factor that we obtained above with respect
to a class of priors compatiblewith h, is of interest. Here we consider a sensitivity study using
the density ratioclass defined as follows. Since the prior n that we use has the form
n(F,o5,02) ha(F)ng(F,05 07),
we consider the class of priors
Cp ={n c;hy(F)ng(F, 02,03 <an(F, 03 02) <chy(F)ng(F,02,02),a >0}
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For specified 0 < ¢; < c¢;. We would like to investigate how the Bayes factor (28)behaves as
the prior m varies in ;. We notethat forany n  (,, the BayesfactorB,; hastheform

_ Jr(vlgY,0d) n(F,05,08) d dojdog
O Sff(Y|F,02,02) n(F,02,02)d doZdo?

Even though the integration in the numerator above need not involve F, o2, wedo so to apply
the following result(seg[1,2,3,6,8]).
Consider the density-ratio class

I, ={n L(n) <=a () =U@mf sc a >0}
for specified non-negative functions Land U. Further, let ¢ = ¢* +4¢~ be the
usua decomposition of q into its positive and negative parts, i.e,, g*(u) = m {g(u),0}and

g (w) = —m {—q(w),0}. Then we have the following theorem.

Theorem 3:For functions ¢, and g, such that fq;(m)|U(n) d < oo, fori =1, 2,and with g,
positivea.s. withrespecttodlu I, , (seg[3])

i J41(n) (n) d
i Ip _f‘a"z(fl) _"[(”) d

IS the unique solution 1 of
JCq1(n) = dg2(m))"U(m)ad + J(q:(n) —Yq2(m))*L()d =0(32)

& J4:1(n) (n) d
w rp J42(n) n(m) d

Isthe unique solution & of

JCq: () —dg2(m) U + J(q:1(n) —Fgz(1))"L(p)d =0 (33)
Proof: ( This prove follow to researchers)

To prove part one

j G U@+ j GGt Lpd — © j )" U@d — S j 4" Lpd =0

= J(tﬁ(f})‘U(r1)+q1(f1)*L(rJ))d . J(qz(n)‘U(f})+qz(n)*L(f}))d =0

_ JCa: ()~ U(@m) + q:(* L(n))d
J(G2(m)~ U(m) +42(m)* L(n))d
By theorem 4.1.inDeRobertis and Hartigan (1981)( see [6]).

=3
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(g2~ U@ +q.()* L)) =11, 1, Kgy(),whe K I(L,U), then
I Hf'?r Kyy(n) n(n) d

Y0 Kgm)nmd

n Ip

Lg=  Ju@nmd
w rp Jd2(m) 1(n) d

Ja.m)um)d
I fa.myn()a

= U

Thenthe i1 Isthe solution #, now to prove unique solution suppose

g = 01 fTamutma . — Jy.(m) () d and c; = si [gq.(n) n(r)d . Then

w1, Jazyueya 'V W« Iy
0 <¢; <eg; <ooand|dy| < ooitfollowsthat ¥, = o if and only if
J(q:(7) = Vg(m))"U(d + J(41(7) —Bq2(n))*L(n)d = 0.Moreover, for any e = 0,
U+ e/c; < g implies f(gq,(n) —dg2(mM))"UM)d + J(q:1(n) —dg2(m))*L(n)d =€
which inturnimpliest + /¢, < 1; thus; ¥, > @ if and only if

JCar(m) — g2 ()" U@m)d + J(q:1(n) —q2(n))"L(n)d > 0. Hence, then dis the unique
solution.

Now to prove part two

j G U()d + j GG Lpd — ® j G Ud — 8 j 4(n)" L(pd =0

= (@) U+ @) LN = 8 @0 V6D + 4D L) =0

_ JCa:(m)* U(m) +q:()” L(n))d
J(q2(m)* U(n) + 42(n)~ L(7))d
Also by theorem 4.1.inDeRobertis and Hartigan (1981),

(g * U@ + 4.~ L)) =s , r, Kyy(m) ,whe K I(L,U),then
J s Kgy(m) n(n)d

= U

— = n Ip
I s Kg(m)n(n)d
Ly g Ju@nmd

bl Ifg IQE(G) Ti(f]) d
By same way of proof the unique of first part above ( the proof complete) .
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Now we shall discuss this result for the Gaussian membership function only. Then,since the
prior T that we use has the form 1, (F,02,02)  h,(®) 1y(03,02), and wedon’t intend to vary
ng(02,02) inour analysis, we redefine (., as

Cy ={n(F) cihy(F) < an(F) < c;hy(F),a > 0}
For specified 0 < ¢; < c5. Now, were express By as

_ JI (Y19, 0f) n(od) dol} n(F)d _Ju(F)n(F)d
° T SN, 02,02)n0(02,02) dogdoZ} n(F)d — fq;(F) n(F) d

where

41 (F) = j f(Y1g°,02) no(02) do?

0x(F) = [ F(Y1F,03,02) mo(o3, 02)d03do?

Then by theorem 3 is readily applicable, and we obtain the following theorem:

Theorem 4: (seg[3])

inf, ., By (s)isthe unique solution i of

¢ J(q1(F) = 043 (F)) " ha(F)d  + ¢5 J(4+(F) — 943(F))*hy(F)d = 0(34)
sup,, ¢, By (a)isthe unique solution @ of

¢2 J( 41 (F) =942 (F)) ha(F)d - + 1 J( 41 (F) — 942 (F))"ha(F)d =0 (35)
Proof: ( This prove follow to researchers)

To prove part one

& [ 4@ U@ + o [aELEE = be; [ 6@ UEd - be [ 0@ 1FN
=0

= [Cn®UE +an® LN = 8 (@ UE + 0@ LE)E =0

_ J(c2q:1(F)"U(F) + cyq,(F)*L(F))d

= M n® U0 + an®) LF)d

Then,
(c2q1(F)_U(F) + ¢y, (F)+L(F)) =inf, , ¢ q.(F) ,whe K I(LU),c=<c, +c; then

159



Mohaisen, A.J. & Abdulhussein, AM Fuzzy setsin semiparametric..................

I“ir}]‘ c q:(F) hy(F)d
TYinf ¢ q.(F) ha(F)d
L J4:(F) hy(F) d
= I TGP () d
=1 = “ian By (1)

= U

To prove part two

& [ @@ uEd + o [aELEd - b, [aEUEd = be [ 0@ 1
=0

= [t (P U + e (P LN = 8 [(©ax(F) UF) + ciz(F) L(FN =0

_ J(caq.(F)" U(F) + c1q,(F)™ L(F))d

= U ea () UGF) + crga(F)” L(F))

Then,
(c2g:1(F)* U(F) + ¢14,(F)" L(F) =si ,, f, € q.(F) ,whe K [I(LU)c<¢c, +cy,
then

J st ¢ gu(F)ha(F)d
— = nw Ip
f{fir ¢ ga(F) ha(F)d
N GINGE
w 1 J42(F) ha(F)d

= 1 = sup By (1)

i Ip

==

By same as the unique prove to part first in theorem 2.

7. Simulation results

In this section, we illustrate the effectiveness of the our methodology. We generated
observations from the model (1) with the following regression functions which represent a
variety of shapes:
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(i) y1=1-3x; +e° (Pat2n), (36)
(i) y2 = 2x; =5 (2mx;) +03(x; — 0.75)? —-xf. (37)

The settings for the simulation study are as follows. The observations for the design variable
are generated from uniform distribution on the interval [-1,1], for various sample sizes. These
values are kept fixed for all settings to reduce simulation variability. The sample size taken is
n=150.

For the error distribution we used normal distribution N(0,02), where ¢ = 0.125, 0.25 and
0.5. We have tried with different choices of K as well. The penalty parameter A is chosen by
minimizing the generalized cross validation ( ) criterion.

To give an impression on the variability of the obtained estimators, we plot in figure (1) a
scatter plot of the randomly generated data sets together with the fitted vaues from the
penalized LS. regression spline estimation method.

0 _| 0 _|
o (qV]
0 o ]
8 oS 7] 2
EN g 5o
Lo >
S _
o 0 _|
161 2 S S R R E—

00 02 04 06 08 10
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Figure (1) fitted curvesfrom penalized regression spline estimation of first (right side)

and second test function ( left side) with design variable X distributed uniform

distribution [-1,1] with theerror distributed normal distribution (0, 6%), 6 = 0.1

0.2

and 0.5, and sample sizen=150

In all examples we have used Gaussian
membership functions h,(g) proportional to
the density of N(F, 02I'), where F, is
obtained the

decomposition of g°. The hyper-parameters

from penalized spline

162

a and b (see(25) and (27)) aare b =3, 3.2,
34 and 35 and a = 8(b + 2)/(b— 2)
as in table (5.4). The vaues of the other
hyper-parameters A, and B. (see (25) and
(27)) are A, = B, = 0.1 . Fromthetable (1)
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it can be seen that the posterior density of
¥, 8 given ¥ (see (25)) corresponding to the
test functions and valuesof (,b,A, and B, )
. As well as we considered two different
prior guesses for g°:

() g°(x) =1 — 3x,

(i) 9°(x) = 2x,

We have displayed the posterior of (
givenY ) see (21), in figure (2) , where red
curve represent the posterior of the first test
function while blue curve represent the

posterior of the second test function.

The model checking approach based on
Bayes factors see (28) has been tested on
simulated examples. These Bayes factors are
given in Table (2). From this table, it can be
seen that the model corresponding to the
second test function obtains the largest
Bayes factor followed by that the first test
function and the Bayes factor favors H; with

strong evidence for two test functions.

Table (1)
b=3 b=3.2 b=3.3 b=35
result of the
_ a a=40 a= 34.66667 | a= 32.61538 | a= 29.33333
posterior
_ ¥1 2.125341 0.5452288 | 0.05967334 | 0.003914634
density of Y, o
given ¥ Va2 1.748961 0.3811545 | 0.03844471 | 0.00214147

15

an
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Figure (2) posterior F given ¥ for first and second test functions

Liadlalaalli),
Test functions By () Evidence
V1 5.850938 x 1074 very strongly favors H,
Va 7543237 x 107! strongly favors H,
Table (2) Bayesfactor for
H, g= g’versusH,.g = g*

8. Conclusions

In this paper we suggest approach to semi
parametric regresson by proposing an
aternative to dealing with complicated
anayses on function spaces. The proposed
technique uses fuzzy sets to quantify the
avallable prior information on a function
space by starting with a “prior guess”
baseline regression function g“. First the
penalizedsplineis used for the model and by
using a convenient connection between
penalized splines and mixed models, we can
semi

representation parametric

regression model as mixed model. The
penalized spline assumed on g as well as
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prior g“.Then prior of g relative to distance
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not and we proved the prior robustness of
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