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Abstract: 

In this paper, we introduce and study a generalization form of the summation-integral-

Phillips Baskakov type operators. We prove that the operators are converge to the function being 

approximated. Also, we discuss a Voronovaskaja-type asymptotic formula and obtain an error 

estimate in terms of the modulus of continuity for these operators. 
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1. Introduction 

  Suppose that  ,0C  denotes the space of all continuous real-valued functions on the 

interval  ,0 .The subspace ),0[ C of the space  ,0C   is defined as 

     }0somefor  ,1:),0[{),0[  
 tOtfCfC . 

The space ),0[ C is normed by the norm: 

                                   

 

    







 ttff

t
C

1sup
,0

 

  For ),0[  Cf , Vijay Gupta and others  (2006) defined and studied the following 

summation-integral Baskakov type operators: 
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1

)(, 
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


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After that, Agrawal and Thamer (1998)  defined and studied the following  summation-integral-

Phillips Baskakov type operators  

             xpfdttftpxpnxfK nkn

k

knn 0,

0

1,

1

, 01;  








. 

Many operators have been built and studied by using Baskakov weight functions mixed with other 

weight functions. Here we refer to Vijay Gupta and others(2003,2006),Linsen Xie and Xiaoping 

Zhang (2007) .   

Here, we defined and study the following generalization form of summation-integral-

Phillips Baskakov typ operators : 

                     xpfdttftpxpnxfS
k

knkn

k

knn 



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


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,,, 01;





 .             (1.2) 

Where     00
1

0

, 




xpf
k

kn



 

whenever  0 . 

Clear tha  xfMxfS nn ;);(0,   ,  xfKxfS nn ;);(1,   and  all results ofband P.N.Agrawal 

and Thamer( 1998) can be getting them here by putting 0 and 1 respectively. 

Sometime, we write the operators );(, xfSn  as dttfxtWxfS nn )(),();(

0

,, 


  , where  

 xtWn ,,  is called the kernel of the operators  xfSn ,,  and is defined as: 

           xpttpxpnxtW
k

knkn

k

knn 











1

0

,,,, 1;





  , 

where )(t  being the Dirac-delta function. 

  In this paper we study  some properties of  the operators  xfSn ,, , i.e. the convergence 

theorem, Voronovaskaja type asymptotic formula and the estimate of the degree of approximation 

for smooth functions. 

Throughout this paper, we assume that C  is a positive constant not necessarily the same at 

all occurrences and ][  denotes the value of the integer part of  . 

2. Preliminary Results 

For ),0[  Cf  the Baskakov operators is defined by A.Sahai and G.Prasad (1985) as : 
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                                      

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0

, )();( , ),0[ x                                         and for 

0Nm (the set of nonnegative integers), the thm  order moment of the Baskakov perators is 

defined as 

m

k

knmn x
n

k
xpx 








 



0

,, )()( . 

Lemma 2.1.    A.Sahai and G.Prasad (1985) proved that :the function )(, xmn  defined above has 

the following properties: 10, n , 01, n  and  

        .1],[1 1,,1,   mxmxxxxn mnmnmn   

Further, we have the following consequences of  )(, xmn : 

(i)  xmn,  is a polynomial in x  of degree at most m ; 

(ii) For every      2/1
,),,0[  m
mn nOxx  . 

From the above lemma, we get: 
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












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 )()(2 sjj nOnOn     (for any 0s )              

                                           )( jnO  (if js  ).     (2.1) 

For 
0Nm ,  the thm  order moment )(,, xT mn   for the operators (1.2) is defined as: 
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Lemma2.2. For the function )(,, xT mn  , we have ,1)(0, xTn  

 



















 





1

0

,,1, )1(
2

1

2

12
)(



 


k

knn xpk
nn

x
xT , 

  
   

  
   

  
 .

32

1
6232

32

1

662223
32

1

)3)(2(

6662322
)(

1

0

,
2

1

0

,

1

0

,
2

222

,2,













































k

kn

k

kn

k

kn

n

xpk
nn

xkpxnx
nn

xpxxxnnx
nn

nn

xxxnxnx
xT

 

Also, we have the following recurrence relation for )(,, xT mn   whenever 2mn , 
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    )(12)12()(1)()2( ,,,,,1, xTxmxxTxxxTmn mnmnmn     
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And for every    2/1
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Proof: By direct computation, we have 1)(,0, xTn  ,  
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Next  we prove (2.2). For 0x  it clearly holds.  

For ),0( x , we have : 
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Using the relations    )()()(1 ,, xpnxkxpxx knkn  , we get: 
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Integrating by parts, we get 
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from which (2.2) is immediate. 

From the values of )(,0, xTn   and )(,1, xTn  , Using the induction on m , the recurrence relation above 
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                                                              )()( snOnO     (for any 0s ) 

                                                              )( nO  (if s ).        (2.3) 

Lemma 2.3. Let  and   be any two positive real numbers and ),0(],[ ba . Then, for any 0s , 

we have 
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Making use of Schwarz inequality for integration , summation and (2.3), the proof of the lemma 

easily follows. 

Lemma 2.4. Sinha,Agrawal and Vijay Gupta (1991) show that: There exist polynomials 
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Now, using Lemma 2.2 we get that );(, xtS m
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where 21 ,CC  are constants independent of f  and n , )( f  is the modulus of continuity of f  on 
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 denotes the sup-norm on ],[ ba  . 
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Since ),(\),0[   bat , we can choose 0  in such a way that  xt  for all ],[ bax . 

Thus, by Lemmas 2.3 and 2.4 , we obtain 
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





 

 

























 

For  xt , we can find a constant C  such that 


xtCxth ),( . Hence, using Schwarz 

inequality for integration and then for summation ,(2.1)and (2.3), it easily follows that )(3
snOI   

for any  0s , uniformly on ],[ ba .  

Combining the estimates of 321 , III , the required result is immediate.            ■ 

References 

A. Sahai and G. Prasad: On simultaneous approximation by modified Lupas operators, J. Approx. 

Theory 45 (1985), 122-128. 

P.N. Agrawal and Kareem J. Thamer, Approximation of unbounded functions by a new sequence of 

linear positive operators, J. Math. Anal. Appl. 225(1998), 660-672. 

 

Linsen Xie and Xiaoping Zhang. Direct estimate on pointwise simultaneous approximation by 

combinations of Baskakove operators. 44(1),1-14(2007)  

R.P. Sinha, P.N. Agrawal and Vijay Gupta. On simultaneous approximation by modified Baskakov 

operators, Bull.Soc.Math.Belg.Gen.Ser.B.43(1991), 217-231. 

Vijay Gupta, Muhammad Aslam Noor and man singh beniwal. On simultaneous approximation for 

certain Baskakov Durrmeyer type operators. 125(2006),1-33 

Vijay Gupta, Vipin Vasishtha and M.K.Gupta. Rate of convergence of summation –    integral type 

operator with derivatives variation ,J.Math.Ineq.34(2003),1-18. 

  

 

 

 

 



Basrah Journal of Science (A)                                                                       Vol.31(1),28-40, 2013 

 40 

 

 

 تعوين هؤثر باسكوكوف فيلبس للوجووع التكاهلي

 

 

اهل خليل حسن       علي جاسن هحود

 قسن الرياضياث- كليت العلوم - جاهعت البصرة   قسن الرياضياث-كليت التربيت - جاهعت البصرة       

    

 

   الخلاصت

      .وقدم وودرس صيغة معممة مه مؤثزات باسكاكىف فيلبس للمجمىع التكاملي, في هذا البحث 

كذلك وىاقش صيغة فزوفىسكي المشابهة ووىجد الخطأ المخمه بىاسطة معيار .  وبزهه ان هذي المؤثزات متقاربة للدالة المقزبة 

.  الاستمزارية لهذي المؤثزات

 

 


