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Abstract:

In this paper, we introduce and study a generalization form of the summation-integral-
Phillips Baskakov type operators. We prove that the operators are converge to the function being
approximated. Also, we discuss a Voronovaskaja-type asymptotic formula and obtain an error

estimate in terms of the modulus of continuity for these operators.
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1. Introduction

Suppose that C[O,oo) denotes the space of all continuous real-valued functions on the
interval [0,0). The subspace C, [0, ) of the space C[0,) is defined as
C,[0,00) ={f C[0,0): (t)=0((1+1)* ) forsome > 0}

The space C,[0,) is normed by the norm:

[fle, = sup [fO]@+t)™

te[O,oo)
For f eC,[0,»), Vijay Gupta and others (2006) defined and studied the following

summation-integral Baskakov type operators:
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M (%)= (- 1)ank(x)jpnk(t)f(t)dt where
k=0

(n+k—1] K ek
Pk (X) = ‘ X" (1+X) : Xe[0,00). (1.2

After that, Agrawal and Thamer (1998) defined and studied the following summation-integral-
Phillips Baskakov type operators

(f X=I’] 1zpnk jpnkl f()dt+f(0)pn,0(x).

Many operators have been built and studied by using Baskakov weight functions mixed with other
weight functions. Here we refer to Vijay Gupta and others(2003,2006),Linsen Xie and Xiaoping
Zhang (2007) .

Here, we defined and study the following generalization form of summation-integral-

Phillips Baskakov typ operators :

Sn,,(fX:n 1ank J.pnkv dt+f zpnk (1-2)
k=v

v-1

Where > f(0)p,, (x)=0 whenever v=0.

k=0

Cleartha S, ,(f;x)=M,(f;x), S,,(f;x)=K,(f;x) and all results ofband P.N.Agrawal
and Thamer( 1998) can be getting them here by putting v =0and v =1respectively.

Sometime, we write the operators S, ,(f;x)as S, ,, (f;X)= J.Wn,v (t,x) f (t)dt, where
0

W, (t, x) is called the kernel of the operators S, (f,x) and is defined as:

W 6 =003 s (s V<>+§5<t>pn,k<x>,

where o(t) being the Dirac-delta function.

In this paper we study some properties of the operators Sn,v(f ,X), i.e. the convergence
theorem, VVoronovaskaja type asymptotic formula and the estimate of the degree of approximation
for smooth functions.

Throughout this paper, we assume that C is a positive constant not necessarily the same at

all occurrences and [£] denotes the value of the integer part of S.
2. Preliminary Results
For f €C, [0,0) the Baskakov operators is defined by A.Sahai and G.Prasad (1985) as :
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L, (f;x)= ank(x)f( j x € [0, ) and for

k=0

me N° (the set of nonnegative integers), the m—th order moment of the Baskakov perators is

defined as 4y (X) = z Pk (x)(—— xj .
k=0

Lemma 2.1. A.Sahai and G.Prasad (1985) proved that :the function s, ,(x) defined above has

the following properties: 4,0 =1, 14,1 =0 and

Net v (X) = XL X)Lt (%) + Mt g (X)], M >1.

Further, we have the following consequences of x4, (X):
(i) yn,m(x) is a polynomial in X of degree at most m;
(i) Forevery X €[0,0), £, m(X)= O(n {(m+1)/2] )

From the above lemma, we get:
Z P,k () (k- nX)ZJ =N (ﬂn 2 (X)— Z Pn,k )(%_X)ZJ]
k=v

=n?] {O(n*j)+0(n*s)} (forany s >0)

=o(n)) (if s> j). (2.1)

For me N°, the m—th order moment Thm. (X) for the operators (1.2) is defined as:

Tome (9 = S, (€= )™ %)= (n - 1ank(x)jpnk L= dt+2pnk X"

k=v

Lemmaz2.2. For the functionT, ., , (X), we have T, o(x) =1,

Tn,l,v(x):2X+1_V n_ Z{Z(i("‘l V)pnk( ):I

n-—2

2nX2 + 2nNX+12 —3v + 2+ 6X+6X° — 61X

Tnar (0= (n-2)(n-3)
+;(—vz+3v—2+2nx—2nw<—6x+6w<)vz_1pnk(x)
(n—2)n-3) k=0

1 v—lk
+m(2\/—3+2nx—6x)k§) P i (X) - o 2)(n 3) Z P,k (X

Also, we have the following recurrence relation for T, , , (X) whenever n>m-+2,
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(N=m=2)T, .0, () = XA+ T, 00+ (@x+ DM+ 2x+1- V)T, (X)
+ 2MX(L+ X) Ty o, () + (= z v=1-K)po(x).  (2.2)
And for every x [0,%0),T, ., (x) = O(n {m/2]).
Proof: By direct computation, we have T,,,(X) =1,
2x+1-v 1
T = K+1-
n,l,v(x) n_2 n_ 2|:Z( + V)pnk( )}
2nX2 + 20X+ 12 =3y + 2+ 6X + 6X2 — 61X
Tn,Z,V(X) =
(n—2)(n-3)
+ ;(_Vz +3v—2+2nx—2nw<—6x+6w<)vzlpn « (x)
(h-2)n-3) k=0
v-1

(2v —3+2nx—6x)> kp,  (x)-

P S Z D
(n-2)n-3) = (n=2)n-3) 2)(n 3) nkl
Next we prove (2.2). For x =0 it clearly holds.

For x € (0,), we have :

Tomy () =(n- 1ank Ipnkv(t)(t—x) dt —mpy, , (x jpnkv tht—x)"
k=v

+ kz_%) Pk = %)™ = m(= x)™ " py i (x)

Using the relations x(L+ x)p,, (x) = (k —nx) p, , (X) , we get:

KL+ Xy (00 =(1-1) D (k- nx)pnk(x>f Py (D=3 dt

k=v

—mx(1+x)(n 1 Z pn k Ipn k- v )(t_x)m_ldt
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(n- 1ank(x)jt<1+t)pnkV(t)(t—x> dt+ (1=Dv Y poye(x Jpnkvt)(t—)

=y k=v

+ r]Tn,m+1( ) mx(1+ X)Tn m l kan k By USing

the identity t(1+t) = (t—x)? + (L+2X)(t — X) + X(L+ X) , we have

XL+ X)T7 o () = (0= 1ank(x)jpnk L (O t-x)""2dt
k=v

+@+20)(1-1) P (9 j Phk—y (D (=)™ dlt
k=v

+x<1+x><n—1>kg P (0] Py ()t~ 3"t
+<n—1>v§ P (9] By (-3

T e (0= XL )Ty 1 (0 (- x)m:z‘ikpn,ux)

Integrating by parts, we get
X(l+ X)Tr;,m,v ) =(-m=2)T, ny1,(X) - [(1+ 2X)m +2X+1- V]Tn,m,v(x)_ me(l"' X)Tn,m—l,v(x)

gm )Pa (1)

from which (2.2) is immediate.

From the values of T, o, (x) and T, (X), Using the induction on m, the recurrence relation above

v-1

and the fact that > (k+1-v)p,((x)=0(l) as n—>o we can easily prove that
k=0

x€[0,9),T, ., (x) = O(n (™)) -

From the above lemma, we have

v-1
(n- 1ank(x>j Py =X At =T 2, , = 3 P, (N=%)>"
k=0

=0(n7)+0(n®) (forany s >0)
=0(n”) (if s>y). (2.3)
Lemma 2.3. Let o and y be any two positive real numbers and [a,b] < (0,). Then, for any s>0,

we have
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[Wa,, € x)t dt =0(n™%).
t—x/=5 Cla.b]
Making use of Schwarz inequality for integration , summation and (2.3), the proof of the lemma
easily follows.

Lemma 2.4. Sinha,Agrawal and Vijay Gupta (1991) show that: There exist polynomials
Q;, j.r (x) independentof n and k suchthat
X @+ x) DT (Pry () = S (k=m)IQy () P () . where D =2
' 2itj<r dx
i,j>0
3. Main Results

Firstly, we show that the derivative Sr(]f)(f:x) iS an approximation process for

14

O, r=1,2,....
Theorem 3.1.If re N, f € C,[0,) for some « >0 and f (") exists at a point x e (0,), then

lim S{(f;x)= O (x). (3.1)

n—oo
Further, if (7 exists and is continuous on (a—7,b+n) = (0,%), n >0, then (3.1) holds uniformly
in [a,b].
Proof: By Taylor's expansion of f , we have
r¢() _
f(t) = Z f I(X) (t—x)" +&t,x)t-x)",

i:O I.

where, ¢(t,x) >0 as t - Xx.

Hence

r (|) 0 . o0
S\ (f;x)= Z%IW&? (t,x)(t—x)" dt+ [W D (t, %) £t %) (t %) " dt
i 0 0

i=0
= Il + |2 .
Now, using Lemma 2.2 we get that Snlv(tm; X) is a polynomial in x of degree exactly m , for all

m e N°. Further , we can write it as:

_(+m-Dih-m-2)t

S (170 = )
. (n+m-=2)! (n_m_z)!m(m—v) xm-1 +0(1) (32)
(n-Di(n-2)! | |
Therefore,
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Zr: f(l)(x)z[ J X)i—j](‘)wn(r)(t’x)tjdt
. £ ((x) (n+r—1)!(n—r—2)!rI
R ]
w0y (n+r-(n—r-2) NG 3571 — o0
)

Next, making use of Lemma 2.4 we have

Qi,j,r (X)
o= 3 ‘r'” | —1ank<x>|k x|’ J P Ot 0]t = dit
2|+J<r X (1+X)
i,j>0
. Ql R r(X v-1 .
+ n'L Pk ()(k = nx) (0, x }x"
20y Zee )]
i,]=0
:=|3+|4.

Since &(t,x) >0 as t—x, then for a given ¢ >0, there exists a o >0 such that |g(t,x)| <&,

whenever 0<|t—x|<5. For |t—x|z§, there exists a constant C>0 such that

e, X)(t—-x)"|<Cjt-x".
(x)
Now, since sup ‘ hir ‘ =M (x) =C V x € (0,) then,
Z_ifjgr X
i,j>

l,<C >n'(n- 1ank(x)|k nx|( _[ Posey (Ot =X dt+ jpn'kv(t)|tx|7dtJ

2i+j<r [t-x|<o [t-x|z5
i,j>0

=lg+1g.
Now, applying Schwartz inequality for integration, summation, (2.1) and (2.3) we conclude

ls<eC > on'(n- 1ank(><)|k nx|’ [Ipnkv(t)dtj (Tpn,kv(t)(t—x)“dtj

2i+j<r
i,j>0

1/2

) I 1
since t) dt =——
( gpn,“() —)

1/2

<eC Zn‘(i P (k- nx)”j ((n 1Y (0] Prs O x)”dt}

2itjsr \k=v
i,j=0
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<eCco(n %) Y n'onl’?)=c0@).
2i+j<r
i,j>0
Again, using Schwarz inequality for integration and then for summation, in view of (2.1) and

Lemma 2.3, we have

o0

I, <C > n'(n-1)> p, (X)|k —nx’ J.pnyk_v(t)|t—x|ydt

2i+j<r k=v |t-x|25
i,j>0

<C Zn'(n—l)ipnk(x)lk—nXI’{ | pn,kv(t)} { | pnkv(t)(t—x)zydt}

20+ j<r k=v |t-x|25 [t-x28
i,j=0

1/2

2i+j<r =
i,j=0

<C Zn‘(i Pos (x)(k—nx)“j [(n—l)i Pric 0] pn,k_v(t)(t—nyJ

<o(n~"'?) Znio(njlz)zo(n(rlz)—s)
2i+j<r
i,j>0
=o(l) (for s>1)
Now, since ¢ >0 is arbitrary, it follows that 13 =0(1). Also, I, >0 as n—>o and hence
I, =0(1), combining the estimates of 1, and I,, we obtain (3.1).
To prove the uniformity assertion, it sufficient to remark that 6(¢) in above proof can be chosen to

be independent of x [a,b] and also that the other estimates holds uniformly in [a,b].

Our next theorem is a Voronovaskaja-type asymptotic formula for the operators
SN(fix), r=1,2,....

Theorem 3.2. Let f € C_[0,) for some a > 0. If f? exists at a point X e (0,) |,

then
lim n (Sr(,,rz(f x)— f (r)(x)): r(r+2)f O0)+{(r +1-v)+2x(r +1)}f "(x)
n—0 (3.3)
+ X1+ x)f "2(x),
Further, if f(*? exists and is continuous on the interval (a—7,b+7) < (0,%), 7 >0, then (3.3)
holds uniformly on [a,b].

Proof: By the Taylor's expansion of f(t), we get
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r+2 £ (i)
SO(Fix) =Y. &)
Y il

i=0

S(”((t —-x)"; x)+ Srﬁfv)(g(t, x)(t - x)"?; x)

= |1 + |2 y
where &£(t,x) >0 as t—>x.
By Lemma 2.2 and (3.2), we get

r+2 ¢ (i) i /i .
ff (X) Z(J X)I JS )(tJ;X)

i=r ! =r

f I’+1)()
( D!

(r+2)
N f(r+2 (x)[(r+2)(r +1) zs(r) (tr;X)+(I’+2)(—X)S,(1r‘)/(tr+l;X)+S,(1r‘),(tr+2;X)j
(r+2)! 2 ’ ’

((r+1)( x)s(fz(tf;x)+s,ﬁfz(t”l;x))

_ () ((n +r=1)(n-r —2)!]+ £000) () {(r +1)(—x)((n +r=)n-r-2) ”J

(n—1)(n-2)! (r+1)! (n-1)!(n-2)!

(n+r)!(n—r—3)!r+ X+(n+r 1)'(n—r 3)! D a1y
{ (n-1)!(n-2) (r+2) (h—1)i(n—2)! (r+D(r+1- )J}

FU200 J(r+D)r+2) of (n+r=Din-r-2)1
+ X r!
(r+2)! 2 (n—-1)!(n-2)!

(n+r)i(n—r-3) (n+r-1)(n—r-3)
+(r+2)(—x)(( -Di-2) ](r+1)!x+[ 0 Di_2) (r+(r+1-v)r

(M+r+D)n—r—4) (r+2)! » (n+r)i(n—r—4)
+( (n—l)!(n—Z)! 2 X (n— 1)'(]‘1 2) (r+2)(r+2- V)'(I’+1) (1)

Hence in order to prove (3.3) it suffices to show that nl, -0 as n-— oo, which follows on

proceeding along the lines of proof of I, -0 as n— oo in Theorem 3.1.

The uniformity assertion follows as in the proof of Theorem 3.1. [ ]

Finally, we present a theorem which gives as an estimate of the degree of approximation by
S (f;x) for smooth functions.
Theorem 3.3. Let f eC,[0,00) for some a>0 and r<q<r+2. If f@ exists and is

continuous on (a—n,b+7)c (0,0), >0, then for sufficiently large n,

Q0= 1000 < n‘liuf O +Con 402 )rom?)
i=r

Cla,b]
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where C,,C, are constants independent of f and n, w; (o) is the modulus of continuity of f on
(@a-n,b+n),and ||.||C[a py denotes the sup-norm on [a,b] .

Proof. By a finite Taylor's expansion of f , we have

q ¢ (@) . (@ ey _ £(a)
(0= 500"+ O g0 +he 00 200),

|
i:O I-

where & lies between t,x and y(t) is the characteristic function of the interval (a—#,b+7)and

ht,x)= F()-> fO)(X)(t

i=0

Now,

SU(f;x)- O (x) = (

q (i) (X) IW (r) (t X)(t X)i dt— f (r) (X)J

i=0

© (@ (@)
+IW,$,9<t,x){f Y-t (X)a—x)qz(t)}dt
0

q!

+T“%90Mﬂﬂtna—xa»dt
0

By using Lemma 2.2 and (3.2), we get

d ﬂ”u) i d" ((+j-Dr(n—j-2)r ;
; ZU R dxf( (-Dih-2)

= +(jn__i§:((nn__ 2,-)'_2)! j(-vx™ +O(n‘2)]— 10 x).

Consequently,

”Il”C[a,b] < Cln_l[iuf (i)‘
i=r

To estimate |, we proceed as follows:

_2 .
C[a’b]}rO(n ), uniformly on [a,b].

‘f (@) (&)-f (a) (X)‘
" t—x" 2(t) pdt

1)< [ (e 0)
0

(9)
—ﬁﬂ—— ‘mﬂ”axﬂ@+ gh x| dt

@ () ()
ol

P (x) J o Ot =X+ 61— X )t

=
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r-1
+> ph) (x)ﬂx|q +5‘1|x|q+l)} 5>0.
k=0
Now, for s=0,1, 2, ... , using Schwartz inequality for integration , summation, (2.1) and Lemma
2.3 we have

1/2
(=D P Ok —nx] j Prk—y Ot =X d<(n- 1zpnk(x)|k nx|’{[j pn,k_va)dtj
0

k=v
x ( [ o, -7 dtJ }

” 1/2 1/2
s(zpn,k(xxk—nx)”] (n 1ank(x)jpnk S (OE=x)? ]

k=v =v
— O(n j/2)o(n—s/2)

=0(nY=9)2y uniformly on [a,b]. (3.9)
Therefore, by Lemma 2.4 and (3.4), we get

s Tl n|,\Q.,r()\

p,ﬁr&(x)\jpnk O dt<(-)Y Y

k=v k= v2|+]<r
i,j=0

n,k (X)

x [ o, () [t =" dt
0

[ ‘Qi,j,r X
<| sup sup ————

J > ni(i P k=X’ pn,k_v(t)lt—xlsdt}

2iij§)r xe[a,b] X (1+ X) ziigér
=C Y n'o(nU="2) = o(n("*)2) uniformly on [a,b] . (3-5)
2i+j<r
i, j=0
Qi,jr (X
(since sup sup ‘ L ‘ =M (x) but fixed )
2itj<r xefab] X'
i, j>0
Choosing § =n*'? and applying (3.5), we are led to

-1/2
Do \N (

”IZ”c[a,b] =

<c, n—(r—q)/zwf(q) (n—1/2)'

[O(n(r D2y 4 nt20(n(-9D/2y L o(n~ )] (forany m>0)
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Since t €[0,00)\(a—7,b+7), we can choose & >0 in such away that [t—x| > & forall xe[a,b].

Thus, by Lemmas 2.3 and 2.4 , we obtain

<0-D3 ¥ k- n|"Q'””‘ o) [Pos OINCERct
k=v2i+j<r ( ) t—x|=5
i,j>0
+z Snlk- n|"QIJr )1 (x)|h(0, )
k=02i+2j<r ( )

i,j>0
For |t—x > &, we can find a constant C such that |h(t, )| < Ct — x| . Hence, using Schwarz

inequality for integration and then for summation ,(2.1)and (2.3), it easily follows that 1; = O(n~°)
forany s >0, uniformly on [a,b].

Combining the estimates of 1,1, I,, the required result is immediate. [
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