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Abstract.

In this paper, we study the existence of coincidences and fixed points of hybrid

contractions maps on more general setting than metric spaces.

The same utilize to discuss the problem of stability of iterative procedures in generalized

Hausdorff metric space.

Our work generalize and improve some results due to Ostrowski 1967, Czerwik et al. 1997

,Singh et al 2005 and Singh et al. 2008.
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1. INTRODUCTION

Let (X,d) be a metric space and an
operator T: X — CL(X) where CL(X)

the collection of all nonempty closed subsets
of X.Problem of existence of coincidence
and fixed points of T lead to an iteration

procedure  X..,€ f(T,Xx . However, in
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computation, an approximate sequence
{y.} is applied instead of { X }. This
leads to a concept of stability of iteration
procedure with respectto T

The first stability result in metric

space was proved by Ostrowski (1967) . For
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any X, € X, we put
X, =F(T,Xx,),n=12,..... 1)
Let { X} be a sequence converges

to a fixed point ueX of T . Let

{y.} =X bean arbitrary sequence , and

set

&=d(Ypp 1Y)
The iteration procedure (1) is said to

be T -stable (cf Czerwik 1998) provided

n=0,1,2,... (2).

that limeg, =0 impliesthat limy =u
n—oo

N0

This subject was developed by

Harder and Hicks 1988a, b ,Rhoades 1993,

Osilike1995 , Osilike1996 and berinde 2002

(see also Ciric 1972, Ciric 1974, Czerwik

1997 , Czerwik et al.2002, Singh & Chanda

1995, Singh & Prassad 2008 , Singh et al.
2005 and Singh & Hashim 2005 .

Czerwik 1997 and Czerwik et al.

2002 has been extended

classical theorem for the stability of iterative

Ostrowski’s

procedures for multi-valued maps in b-
metric spaces. The purpose of this paper is
to study the stability of iteration process for
hybrid contraction mappings involving
single-valued and multi-valued maps in b-
metric spaces .

2. PRELIMINARIES

Consistent with Czerwik 1998 and
Singh & Hashim 2005 , we use the
following notations and definitions.
Definition 2.1: Czerwik 1998 .

Let X be a nonempty set and S >1 be a

given real number. A  function

d: X xX —R, is a b-metric provided
that forall X,y ,z e X,
d(x,y)=0iffx =y, (3
d(x,y)=d(y.x), 4
d(x,z)<s[d(x,y)+d(y.z)] (5
The pair (X, d) s called a b-metric

spaces.
Notice that the class of b-metric spaces is
effectively larger than that of metric spaces.
The following example shows that a b-

metric on X need not a metric on X (see
also Singh & Prassad 2008 ).

Example 2.1: Let X ={X,,X,,X;}and
d: X xX —R_ such that
d(x,,x,)=a22, d(x,X;)=d(x,,x;)=1 and
d(x % )=0, d(x, X )=d(x.X),
d(xn,xk):%[d(xn,xi)+d(xi,xk)], nk,i=123
Then (X,d) is a b-metric space.

CL(X)={A:A
subset of X }

is nonempty closed
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supD(x,B),supD(y A),

H(A,B)=max{ " &

0

A,B eCL(X)
H is called a generalized Hausdorff b-metric
on CL( X))

D(x,A) =inf d(x,a)

achA
Lemma 2.1 Czerwik 1998:
Forany A,B,C eCL(X),

D(x,B)<d(x,y)Forany y €B, (6)
D(A,B)<H(A,B), (@
H(AC)<s[H(AB)+H(B,C)]. (8

Lemma 2.2 (Czerwik 1998):
LetA and B be distinct elements of cL(x )

Let X €A. Then for a given number

A>1 | there exists a point y in B such
thatd(x,y)<AH(A,B) .

Definition 2.2 (Singh & Chanda 1995):
Let X be a
T:X —>CL(X).Letx,eX ,and

metric  space and

M) X, €F(T x,),
denote some iteration procedure. Let the
sequence { X, } be convergent to a fixed
point P of T . Let{y,} be an arbitrary
sequence in X and set

e=H(y,.f(Ty,), n=012,...,
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if the maximum exists

otherwise

If limit &, =0 implies that limy_ =p
n—o0

then the iteration process defined in (*) is
said to be
toT .
Recall that this definition for a single-valued
operator is due to Harder &Hicks 1988a, b.

T-stable or stable with respect

The following definition of stability general
iterative procedure (9) for the coincidence
point equation fX =TX is due to Singh et
al. 2008 when S and T are single —valued

maps.

Definition 2.3 [Singh et al. 2008]:
Let (X ,d) be a b-metric space

and Y <X . Let T:Y -»CL(X),
S:Y 5>X, T(Y )c S(Y and z a
coincidence point of T and S, that is
Sz €Tz =u. For any X, €Y , let the
sequence { SX, } generated by the general
iterative procedure.
SX,., €f (T ,x,)

Converge to an element Ue€X . Let

{Sy,} = X be an arbitrary sequence and
let ¢ =H(Sy,.,.f(T.y,), n=012,..
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Then the iterative procedure f (T ,Xx ) is

(S,T), stable or stable with respect to

(S, T)if lim e, =0 implies that
limSy, =0.

We remark that the iterative procedure (9)

reduceto X, €f (T ,X,)

When Y =X and S is the identity map
on X . The general definition of stability of
fixed
equation due to Czerwik et al. 2002 and
Singh et al. 2005.

Consider

iterative procedures for general

the following conditions for

T:¥Y »>CL(Xx) and S:Y =X for
all X,y €Y , where 0 <q<1 and X is

a metric space;

H(TX,Ty)<qd(Sx,Sy); (10)
H(Tx,Ty) < gmax{d(Sx,Sy),D(Sx,Tx),D(Sy,Ty),
ZID(SXTy)+d(Sy Tl (11)
H(TxTy)<qd(SxSy)+LD(SKTx).  0<q<il>0  (12)

Notice that (10) is included in (11) while
(12) itself

contraction and when S =id identity map

is called a generalized hybrid

onX (11) is called a generalized multi-
valued contraction . These conditions with
X =Y

and T is a single valued mapping are

, S =1d ,the identity map on X

compared in Rhoades 1977.

77

Lemma 2.3: see also (Rhoades
Czerwik et al. 2002 ).

1993 ,

Let { &,} be a sequence of non negative

real numbers.

n .

Lets, => k""& where 0 <k <1 .
i=0

Then lim g, =0 iff lims_, =0 .

n—oo Nn—o0

(13)

Now we can present the following fixed
point theorem (see Singh et al. 2005 )
Theorem 2.1: (Singh et al. 2005) :

Let X be a complete b-metric space

T a

contraction on X

and generalized  multi-valued

. Then
(i) Forevery X, € X there exists an

orbit{ X} of T atx, and ueX

suchthat  limx, =u;.
N—o0
(ii)  The point U is fixed point of T

ie.uelu .

3. Main Results
Theorems 3.1:

let (X ,d)be a b-metric and
T:¥Y -CL(X),S:Y —X such that
T(Y )<=S(Y )and (11) holds with
as <1 where

gs <1 and

ks
2 —(Qs

a=max{k, } <1 and one of
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TY or SY

then T and S have a coincidence point , i.e

is a complete subspace of X ,

there existsaVv €Y > Sv €Tv
Proof:

Let X, €Y since T(Y)<S(Y),
choose X, ,sothat y, =Sx, €TX,

In general choose X so that

n+l

Yoy =5X,,€TX,. let 1 be a real

number such that 0 <A<1. By lemma
(2.2) and condition (11) ,

d(Y,.Y ) SAH(TX,,TX,)
<q*gmax{d(Sx,,Sx,),
D(Sx,,.Tx,,),D(Sx, Tx,),

ZID(5%,0Tx,) +D(S%,Tx, )]
d(yn'yn+1) Sk max{d(yn—l’yn)ld(yn—llyn)v
AY 0 Y0) 31800, 00¥0) #9309, )

where kK =q**.
Since k<1
d(Yoa:Yna) <kAd(Y,.Y o) implies
d(Yn1:Yna)=0.

We may assume that y , ,# Y ,,, and

the relation

1
d(yn’yn+1) <k max{d(yn—l’yn)lgd(yn—l’yn+l)}

so d(y, . Y,,)<kd(y,,.y,) .or

else

ks
d(ynlyn+1) S7[d(yn711yn)—i_d(ynlynﬂ)]’
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ks

S0 d(yn7yn+1) S 2 _ksd(yn—l’yn)
This yield

k
A(y,.9,) Smadk o= Ay, ¥)] 0=12
where max{ k , ks } <1

2 —ks

Therefore, { ¥, } is a Cauchy sequence and

its sub sequence { Yy, } hasalimitin SY

call itu .letv €S ~'u.Then Sv =u .
Notice that the subsequence { Y, } also

convergeto U . by (11)

D(TV :y2n+2) < H (TV lTX2n+1)
Sq max{d(sv 1SX2n+1)|D(SV lTV )'D(SX2n+1TX2n+1)

1
S ID(SV.TXa0,0) + D (8K VI
Sq maX{d(SV ’y2n+1)lD(SV ,TV )!d( y2n+1’y2n+2 )l
1
S LA(8V Y20 ) + DY TV

Making N — oo this obtains
D(Tv,Sv) <gD(Sv,Tv),andSv €Tv
We remark that theorem (3.1) with S =Id

(the identity map) is the main result of Singh
et al. 2005 .

If T is a single-valued map in theorem 3.1

with S =1 is also the main result of Ciric
1972 .

Theorem 3.2: let ( X ,d) be a b-metric
and Y <X let T:Y -»CL(X),
S:Y >X and SY o TY is a

complete subspace of X .
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Let Z be a coincidence point of T and S

ie,u=3z elz . Forany X, €Y , let

{Sx,},

SX,,; €TX, converge tou.Let {Sy }cX

the sequence generated by

and defineg =H(Sy,,.Ty,), n=012,...,

If S and T satisfy (11) forall X,y €Y and

k =sq <1, then
d(u,Sy,,) <sd(u,Sx,,)+s(sa)""d(Sx,,Sy,)
+5°aY (52)"d(Sx, 5X, ) +5° (s2)", (14)
a=s°q/1-s°q
limSy, =u <lime, =0 (15)

Nn—o0 n—o0

Proof: From (11) for any X,y €Y , one of

the following holds;

H(Tx,Ty) <qd(Sx,Sy),

H(Tx,Ty) <gD(Sx,Tx) <gH (Sx,Tx);

H(Tx,Ty) <gD(Sy,Ty) <qH(Sy,Ty) <gs[H(Sy,Sx)+H(Sx,Ty)]
<gsd(Sy,Sx) +qs[sH(Sx,Tx ) +sH(Tx,Ty)]

<gsd (Sy,Sx ) +gs®H (Sx,Tx) +qs?H (Tx Ty)
2

1€, H(Tx Ty)<—F _d(sy,sx)+—L

H(Sx,T
1-gs’ 1-gs’ (Sx.1x)

k.
ks

1-
H(Tx Ty) s%{ D(Sx Ty) +D(Sy Tx )}

<K sy sx) +—SH(sx Tx)
1-ks

<

I\)FL:Q

H(Sx,Ty) +H(Sy,Tx)

]

ol

<BUH (S TX) +H(Tx Ty) +H(Sy ,S%) +H(Sx Tx)}

< 2H(Sx Tx) +H(Sx,Sy ) +H(Tx Ty )}

i.e,
H(Tx Ty) S%{ZH(SX Tx) +d(Sx,5y )}

2k
2 -k

<

H(Sx,Tx)

d(Sx,Sy) +
5 (SX.SY)
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Therefore, in all the cases we get,
H(Tx,Ty) <ad(Sx,Sy ) +saH (Sx ,Tx)

2

Where a:S—qZ
1-s°q

Then by virtue of (11) we obtain , For any

non-negative integer N .

d(SX 'Syn+1) SH(TXn’SynJrl) SS[H(TanTyn) +H(Tyn'Syn+l)]
<s[ad(Sx,,Sy,) +saH (Sx, Tx,) +¢,]
<sad(Sx,,Sy,) +s’aH(Sx,.Tx,) +s¢,

n+l

<sPa[H(Tx, Ty, ) +H(Ty, Sy, )] +s°aH (Sx,.Tx,) +s¢,

<s’a[ad(SX,,,SY, ) +asd(Sx,,.Tx,,)] +
s’ae, , +s2aH (S, Tx,) +s¢,
<s2a’d(Sx, 4,9y, ) +(s%a®)sd(Sx, 4. TX, ) +
s’ae, , +5¢, +s°aH (Sx,.Tx,)
<(sa)’d(Sx,,,SY, ) +(sa)?sd(Sx, . Tx, )+

s’aH(Sx,,Tx,) +s[ase, , +¢,]

Repeating this process (n - 1) times we get

05K, .87, 1) <(52)"d(SK, Sy,) +%aY (s) ™4 (K, Ty,) +s Y(sa) e,
Consequently, : :
d(u,Sy, ) <sd(u,Sx, ) +sd(SX, .,y .)

This yields the inequality (14).
Assume that lim Sy  =u

Nn—oo

gn :H (Syn+1 ’Tyn) SSH (Syn+17u) +SH (U!Tyn)
<sd(Sy,,u)+s[ed(u,Sy,,)+saH(Su,Tu)

Letting N — cowe obtain &, —0

Suppose lim g, =0 since 0 <sa <1 and

Nn—oo

limSx, =u

Nn—oo
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First two terms on the right hand side (14)
vanish in the limit. Appling lemma (2.3) to
the last term of inequality (14) we see that

lims?® Z(sa)” e =0

Nn—o0

Finally we show that,

lims aZ(Sa)” "d(Sx,,Tx,) =0

N0
Let A denote the lower triangular matrix
with entriesa_ . =(Sa)"", then

and

lima,=0  for eah r

n—oo

lim Zanr =

n—o

therefore, A is

l-sa

multiplicative i.e for any converge sequence

lims,.
_Sa n—oo

{s, }IimA(s,) = thus,

lims aZ(sa)” "d(Sx,,Tx,) =0

N—o0

(cf. Czerwik 1997 p. 692).
Remark 3.1:

Theorem (3.2) with S =1 (identity
map) generalize the main result of Singh et
al. 2005.

Corollary 3.1: Singh et al. 2005 .
Let ( X ,d ) be a complete b-metric

space and T : X —CL(X ) satisfy

condition (11) with S =1 (identity map),
let X, € X and { X} be an orbit for T at

80

X, ,le X, 4 €TX,
and { X} converge to a fixed point u of
T .Let{y,} beasequencein X and set
g =H(y,,,Ty,), n=0,12

then

d(u,Sy,,) <s(sq)™d(x,,y,) +s qu sq) " (x
Where m=(1-sq) ™"

If Tuis singleton, then Limoyn:u iff
im , =0

Corollary3.2: (Czerwik et al. 2002 )
Let( X ,d) be a complete b-metric
space and let T : X —CL( X ) satisfy

H(Tx,Ty)<ad(Xx,y), X,y €4

-1
where 0 <o <s™ let X, eX and{ X}

Tat X_.. e

(o]

and { X, }

orbit of
n=0,1,2,...

be an

X . eIlX

n+l n’?

converge to fixed point U of T , moreover

let {y,}be a sequence in X and set

gn :H(yn+l ’Tyn)’
then

d(ulyml)SSd(u n+l)+5(sa)n+1d( O’y +SZZ S(Z

if moreover, Tuis singleton, then
im ., =u it fim z, =0

n
Xe)+5°) ()" e
r=0

er
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Remark 3.2: 1- Theorem ( 3.2 ) generalize
theorem 4.3 of Singh et al. 2008. when S
and T

2-1f s=1 , S =1d (the identity map),

are single valued maps .

Sand T are single valued map in the
theorem 3.2, we obtain the main result of
Osilike 1995 .

Theorem 3.3: let (X ,d) be a b-metric
and Y <X let T:Y -CL(X),
S:Y —X such that T(Y )<S(Y )

and S(Y ) or T (Y is a complete

subspace of X . Let Z be a coincidence

point of T and S, ie. Uu=Sz €Tz

generated by Sx ., €TX, converge

n+l
tou.Let{ Sy, } < X and define
& =H(Sy, Ty,), n=01,2,..

If S and T satisfies (12) with s°Q <1,

then

d(u,Sy,,) <sd(u,Sx,..) +s(sq)"d(Sx,.,Sy,) + 16)
sQLZn:(sq)””d(er,Txr)+szzn:(sq)””g,.

limSy,, =u < limg, =0. (17)

n—o0 n—o

Proof In view of the fact that

Sx,, €Tx, forn=0,1,2,..... and the

definition of H, we get

d(SXn+1’Syn+1) <H (Txn ’Syn+1)'

81

Now, since H is a b-metric, so for any
A,B,C eCL(X)

H(A,C)<s[H(A,B)+H(B,C)]
therefore by (12) we obtain

we have

d(sxn+l’syn+1) SH(Txn’synﬂ) SS[H(TXn’Tyn) +H(Tyn’SYn+l)]

<s[qd(Sx,,Sy,)+LD(Sx,,Tx,)] +s¢,

<(sq)*d(Sx,,,SY, ) +s’qLd(Sx,, Tx, )+

sLd(Sx,.Tx,) +s°qe, , +S¢,
Since

Repeating this process N —1 times, we get

d(u,Sy,., ) <sd(u,Sx,,,)+s(sq) " d(Sx,,Sy, ) +s°LY (5q)""d(Sx,.Tx, )+
r=0

n

Szg(sq )"e,
The proof (17) is similar to (15) in Theorem
3.2.
Remark 3.3:
1: In Theorem 3.3 when we put S and T
maps on arbitrary set Y with values in X
we get Theorem 4.2 in Singh and Prassad
2008.and when S generalize the main result
of Singh et al. 2005.
2: Theorem 3.3 generalize the main result of
Rhoades 1993 in case of single value map
and when s=1and S =Id
map) under the following condition ;

d(x,Tx)+d(y,Ty)
2

(Identity

d(Tx,Ty) <gmax{d(x,y),

We remark that the above condition implies
(12). For more detail see Rhoades 1977 .

A(xTy)d(y Tx)}
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