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Abstract

In this paper, we solve the equation x™ = a, in the Mathieu groups M,; and M,, where

a € M, or My,, n is a positive integer.
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1. Introduction

Let G be a finite group and n positive
integer, the equation in G is of the form
x" =a,where a€ G and n positive
integer.

In 1903 Frobenius®, Burnside®,
advanced a computation theorem of
solution for the equation x™ = e, e is the
identity element in G.There are two
ways to study the equation x™ = a:

1.Find the exact or approximate number
of solutions for this equation. For some

types of groups there are man
researchers such as  Frobenius?,
Kulakoff® — Huppert®, P. Hall®,
Solomon®,Lam”, Yoshida®,  Chowla,
Herstein and Scott®, James and
Kerber®?,

2. Find the number of solutions and
solutions for this equation, this study by
S.Taban™® for symmetric group, S. M.
Kholil™® for Alternating group. In this
paper we find the number of solutions
and solutions for the equation x™ = a in
the Mathieu groups M,,, M;,, where
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M, is generated by John H., Noam D.
Elkies™ A .Klymenko™®:

X, =(1,2)(3,4)(5,6)(7,8)

X, = (1,2)(5,7)(6,8)(9,10)
X; = (1,3)(2,4)(5,6)(9,10)
X, = (1,3)(5,9)(6,10)(7,8)
Xs = (1,6)(2,5)(7,8)(9,11)

And the Mathieu groups
generated by:

M, is

X, =(1,642,11,3,89,10,7,5)

X, = (1,12)(2,9)(3,4)(5,6)(7,8)(10,11)

X, = (45)(2,11)(3,7)(8,9)

Some result of S. Taban®? are used such
as:

Lemma(1.1):

If a € [n], where [n]is a conjugate class
in S, and p prime number then:

1. a? € [n]if p dose not divide n.
2. aP € [rPlif n=rp.

Lemma(l1.2):

If a € [nm], and p is prime then :

1.aP? € [nm] if p dose not divide
nand m.
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2.aP € [rPn] if p dose not divide
nand m = pr.

3.aP € [rP sP]if n = sp and m = rp.
Lemma(1.3):

If a € [n™] then:

1.a? € [n™] if p dose not divide n.
2.aP € [rP™]if n=1p.

Lemma(1.4):

If a € [n], p and q are different primes
then:

1.aP? € [n]if p and q do not divide
n.

2.aP9 € [rP |if n = rp and q does
not divide n.

3.aP? € [rP1]if n = rpq.
Also, we are using the program Gap
4.7.9 November 2015,

http://www.gap-
system.org/Releases/index.htm

2. Solutions in the group M,

In this Section, we find the powers
C;" and roots, where C; is conjugate
class in M,,, the conjugate classes of
M, are introduced by G. D. James® as
follows:

Co = [1M]

C, =[13,2%]
C, =[13,47]
C;=1128]

1,2,8]

11]

11]

,3°]
2,3,6]

[

[

[
C; = [1,5%]

[1°

[

Let a € C3, where
a = (2,3)(4,5,7,6,11,9,10,8), we find
the powers of a:

al = (2,3)(4,5,7,6,11,9,10,8) € C;

a? = (4,7,11,10)(5,6,9,8 ) € C,

a® = (2,3)(4,6,10,5,11,8,7,9 ) € C;

a* = (4,11)(5,9)(6,8)(7,10) € C,

a® = (2,3)(4,9,7,8,11,5,10,6) € C,
= (4,10,11,7)(5,8,9,6) € C,

a’ = (2,3)(4,8,10,9,11,6,7,5) € C,

a =e € C,.

Leta € C,, where
a = (2,3)(4,8,10,9,11,6,7,5), we find
the powers of a:

al = (2,3)(4,8,10,9,11,6,7,5) € C,
a? = (4,10,11,7)(5,8,9,6) € C,
= (2,3)(4,9,7,8,11,5,10,6) € C,
= (4,11)(5,9)(6,8)(7,10) € C,
a5 = (2,3)(4,6,10,5,11,8,7,9) € C,
= (4,7,11,10)(5,6,9,8) € C,
= (2,3)(4,5,7,6,11,9,10,8) € C;


http://www.gap-system.org/Releases/index.htm
http://www.gap-system.org/Releases/index.htm
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a® = e € C,. atl =e

Let a € Cs,where The other conjugate classes can be find

a = (1,2,3,4,9,7,10,5,6,11,8 ),we find by result in S. A .Taban® as in

the powers of a: mentioned in the introduction.

a = (1,2,3,49,7,10,5,6,11,8) € Cs From the powers of the conjugate classes
, for M, (table 1), we can find The roots

a" = (1'3'9'10'6'8'2'4'7'5'11) € C6 of M11 as in (table 2)

a® = (1,4,10,11,2,9,5,8,3,7,6) € CS 3. Solutionsin the group M12

a* =(1,96,2,7,11,3,10,8,4,5) € Cs In this Section we find the powers

C;" and roots ,where C; is conjugate

5 =
@ (1,789,11,4,6,3,5,2,10) € Cs class in M,,, the conjugate classes of

ab =(1,10,2,5,3,6,4,11,9,8,7) € C4 M, are introduced by G. D. James®® as
follows:
a’ =(1,54,8,10,3,11,7,2,6,9) € Cq "
Co = [177]
a® = (1,6,7,3,8,59,2,11,10,4) € C, Y
¢, = [1%,27]
a®=(1,11,5,7,4,2,8,6,10,9,3) € C; (267
CZ = (2
a'® = (1,8,11,6,5,10,7,9,4,3,2) € Cq4 (14 42]
C;=[1%4
11 —
e C, = [ 22,47]
Leta € Cy,where ,
a = (1,2,3,4,7,11,6,5,9,8,10),we find Cs=1[1%238]
the powers of a: Co=[48]
6 — )
a1 = (1,2,3,4‘,7,11,6,5,9,8,10) E C6 C _ [13 33]
7 — I
a® = (1,3,7,6,9,10,2,4,11,5,8) € Cs C, = [3]
. =
a® = (1,4,6,8,2,7,510,3,11,9) € C, c [1,2,3,6]
9 — )&y,
a* = (1,7,9,2,11,8,3,6,10,4,5) € C, Coo = [ 67]
10 —
a® = (1,11,10,7,8,4,9,3,5,2,6) € C4 Coy = [ 12,57]
11 — ’
a® = (1,6,2,53,9,4,8,7,10,11) € Cs c [2,10]
12 — ’
a’ =(1,54,10,6,3,8,11,29,7) € Cs Cps = [1,11]
13 — ’
a® = (1,9,11,3,10,5,7,2,8,6,4) € Cs Cov = [111]
14 — )

a® = (1,8,5,11,4,2,10,9,6,7,3) € C, Now, Leta € Cya, where a =

a'® =(1,10,8,9,5,6,11,7,4,3,2) € Cs (2,3,4,5,11,10,7,12,8,6,9),
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we find the powers of a:

al = (2,3,4,5,11,10,7,12,8,6,9) € C;3
a? =(2,4,11,7,8,9,3,510,12,6) € Cy,
a®=(2576311,129,4,10,8) € Cy5
a* = (2,11,8,3,10,6,4,7,9,5,12) € Cy3

(2,10,9,11,6,5,8,4,12,3,7) € C;5
ab = (2,7,3,12,4,8,5,6,11,9,10) € C,,
(2,12,5,9,7,4,6,10,3,8,11) € Cy,
a® = (2,8,10,4,9,12,11,3,6,7,5) € Cy,
a® = (2,6,12,10,5,3,9,8,7,11,4) € Cy5
al® = (2,9,6,8,12,7,10,11,5,4,3) € Cy,

11

a - =e€

Leta € Cy,4, Where
a=(2,3,4,5,10,6,8,12,11,9,7),we find
the powers of a:

al = (2,3,45,10,6,812,11,9,7) € Cy,
a? = (2,4,10,8,11,7,3,5,6,12,9) € Cy5
a® =(2,5,89,3,10,12,7,4,6,11) € C,,
a* =(2,10,11,3,6,9,4,8,7,5,12) € C,,
as =(2,6,7,10,9,511,4,12,3,8) € C,,
a® = (2,8,3,12,4,11,5,9,10,7,6) € Cy5
a’ = (2,12,5,7,8,4,9,6,3,11,10) € Cy5

a® = (2,11,6/4,7,12,10,3,9,8,5) € Cy5

a® =(2,9,12,6,53,7,11,8,10,4) € C,,

al® = (2,7,9,11,12,8,6,10,5,4,3) € Cy3

11

a - =e
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The other conjugate classes can be find
by result in S. A. Taban® as in
mentioned in the introduction.

From the powers of the conjugate
classes for M, (table 3), we can find
The roots of M,, as in ('table 4):
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The powers of M;; Table (1)

the conjugate 1 2 3 4 5
class
Co Co | Gy | Gy | Gy | Cy
G G | G |G |G| G
C; Co | G |G |G |G
Cs G| GG |G |G
Cy Co | G |G |G |G
Cs Cs | G | C5 | Cs | Gy
Ce Co | Cs | Cg | Co | Cg
Cs G| C7 1 G |G| Gy
Ce Cg | Cg | Cy | Cg | Gy
Co Co | Gy | G | Cg | Gy

The powers of M,;; Table (1)

the 6 7 8 9 10 11

conjugate
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extension M;;". Experimental
Mathematics 15, (2): 223-236.

(14) Klymenko, A . (2012). "Multiply
transitive permutation groups via the
small Mathieu groups" University of
Primorska Master Thesis.

(15) James, G.D. (1973) . "The modular
characters of Mathieu groups" Journal
of algebra 27, 51-111.

The roots of M,; Table (2)

the 1 2 3 4 5
conjugate
class
Co Co | Co,Cy, | Co,Cq Co,Cyq,| Co,Cq
G G

G G| — GG GG | G
G, Co | G3,C | G | — G,
Cs G | — G | — Cy
Cy Cy | — Cy | — G
Cs Cs | Cs Cs Cs Cs
Ce Ce | Cs Ce Ce Ce
Gy G, | G Gy G —
Cg Cg | Cg.Cy | — | CgCo| Gy
Co G| — | = — GCo
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The roots of M,; Table (2)

the 6 7 8 9 10 11
conjug
ate
class
Co Co,Ciy| Co | Co,Cqy| Co,Cg | Co,Cy | Co,Cs
C,, Cs,, C,,C; | Cg
Cq,Co C;,Cy
C, — | — Cy,Cy — C,
C, C;,C| Cp| — C, Cs C,
Cs — C,| — Cs — Cs
C, — C;| — C, — C,
Cs Ce | Co| Cq Cs Ce —
Ce Cs | Cs| Cs Ce Cs —
C, c, |G| G C, — C,
Cq — Cg| Cg,Cq | — Cqe,Cy | Cg
C — Co| — — — C,
The powers of M;, Table (3)
The 213|465
conjugate
class
Co | [1%%] | G | Co | Gy | Gy
C; | 152411 C | C, | Gy | €4
C | [2°] |G |G |G |G
C; |[1%,4%]1 C, | C3 | Cy | Cy
C, | [2%,4%]] C, | C, | Cy | Cy
Cs | [13,28] C, | C5 | €y | Cs
Ce | [48] | C | Ci | C | Cy
C, |[13,3%]|C, | C, | C, | C,
Ca | [3*] | G| Co| GGy
Co | [1,236] C, | C; | C; | Cy
Cro | [6°] | Ca|Cy| Cq|Cyg
Ciy [12:52] Ciy| G| Ciy| Gy
Cip | [210] | G| Cip| €y | G
Cia | [111] | Gy | Ci5| Ci3]| Ci3
Cig | [1L11] | G5 | Ciy| Cia| Ciy
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The powers of

M,, Table (3)

Theconjugate | 6 | 7 | 8| 9 |10 | 11
class
Co | [12] | G| G |G| G | G| Gy
C, | [1%21 1 G | ¢ |Gl € |G| C
Gl [2°] |GG GlG (¢l
Cy | [1%,4%] | CL | C3 | Gyl C5 | €y | G4
C, | [234%) | C | C |Gl C | C | Cy
Ce | [1%,28]]| C3 | Cs | G| Cs | C3 | Cs
Ce [4,8] C, | Co | Co| Co | Cs | Cg
C, | [133% | G | C, | Cl G | Cr | Cy
Co | 34 | Co|CalCal Co | Cy|Cy
Co | [1,236]]| Cy | Cy | C,| C; | C; | Cq
Cio [6°] Co | Cio| Cg| Gy | Cg | Gy
Cip | [1252] [ €y | Ciy | G Gy | Co | Cyy
Cip| [210] |Gy | Cip| Gy Cip | Gy | Gy
Cia| [L11] | Gy | Ciy| Cig Ciz | G| Gy
Cia | [L11] [ Gi3| Ci3| Cig Coy | Gia| Gy
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From the powers of the conjugate classes
for M,, (table 3), we can find The roots

of M,,asin (table 4):

conjugate 2 3 4 5
classes
Co | [17] Co,Cy | Co,Cry Co, Gy, | Co,Caq
€2,Cs | Gy Ca)
C3,Cy
C, | [1%2%] C,Cs | C,Cy| Cs,Ce C,
G, | [2°] — GG — |GG
Cy | [1%47] — Cs — Cs
C, | [22 4%] Ce C, — C,
Cs | [1%2,8] — Cs — Cs
Ce [4,8] — Ce — Ce
C, | [13,3%] C,,Cq | — C,,Cq C,
CS [34] C8' C10 — CS! C10 CB
Co | [1,2,3,6] — — — Cy
C10 [62] _ — _ ClO
Cll [12'52] C11'C12 C11 C11'C12 _
C12 [2'10] _ C12 _ _
C13 [1'11] C14- C13 C14- _
C14 [1'11] C13 C14- C13 C13, Cl

Table(4) the roots of M4,

conjugate 6 7 8 9 10 11
classes
Co | [12] | CoCy | Co | Co,Cyy | Co,Crr| CooCy | CoyCia,
,Cy, Cy C,, Cq , Cis
Cg, Cy, C;,C, C,,
Cio C11,Cyy
Co [ [152%] GGy | G | — | C,Co | GGy | G
C, | [2°] — 1 G — 16 G| — G
C: | [1%4%]] G G | Cy G Cs G
C, | [22,47] Ce C, — C, Ce C,
Cs | [13,2,8] — Cs — Cs — Cs
Co | [48] — Ce — Ce — Ce
c, 113,33 — | ¢ |¢C,ce|— C,,Co | €
Cy [34] _ Cy _ _ Cg, Ci0 Cg
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Cy | [1,2,36] — Cy — — — Cy
CIO [62] _ C10 —_ — _ ClO
C11 [121 52] C11C12 C11 C11' C12 Cll —_ Cll
C12 [2'10] _ C12 _ C12 —_ ClZ
C13 [1'11] C14 C14- C13' C14- C13 C14- _
C14 [1'11] C13 C13 _ C14- C13 _
(i Gia Uy Gl pad) Le daw

M 11 M12

B el daaly - aghall LS - ciludaly ) and

: oaliical
Sl ey b xT = @ Aslaall Jglall ala) o5 Caail) 14 b

e gmmmaden, a € Mygor My, o &
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