
Hadeel O.M.Al-Khaled                                                             The Voronovskaya Theorem….         

 

50 
 

The Voronovskaya Theorem for q- Analogue of  

Szasz-Mirakjan Operators with Two Variables 

 

Hadeel O. Muslim Alkhaled 

South Technical University, Engineering Technical College, Basrah IRAQ 

Email: hadeel.alkh@yahoo.com 

 

Abstract 

          In this paper, we introduce and study  new two  operators of   Szász–Mirakyan in two 

dimensional space  which are  denote by  (  ) ( (   )     ̃     )        respectively, where 

      (,   )  ,   )), and     ,   ) and     ̃  (   )     ̃    as     . First, we prove 

that these operators are converging to the function being approximated. Then, we define the    th and 

  th order   moments. Finally, we prove Voronovskaya- type asymptotic formulas for the 

operators (  ) ( (   )     ̃     )      .  
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1. INTRODUCTION: 

Suppose that  ,   ) denotes the space 

of all continuous real-valued functions on the 

interval ,   ) the space   ,   ) of the space 

 ,   ) is defined as: 

  ,   )  *   ,   )  ( )

  (  )             +  

The space   ,   ) in normed by the norm: 

‖ ‖  
      ,   )| ( )|         

On the area (,   )  ,   ))    

    (,   )  ,   )) denotes the space of all 

continuous function such that | (   )|  

    (   ), for some      and    

    *   + where           ,   ) are 

two independent variables, and (    )  

 (, -  )    ( ̃   )   (, -  )  

The space      is normed by the norm: 

‖ ‖    
 

   (   ) ,   ) ,   )| (   )|     (   )       

   *   +    

For     ,   ), L.Rempulsa and 

M.Skorupka (1997) [6], defined and studied the 

following Szász–Mirakyan type operators:  

(  ) ( ( )  )  ∑     ( ) (
  

 
)   

 

   

 

(  ) ( ( )  )  
 

 
∑     ( ) ∫  ( )      
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where     ( )  
 

    (  )

(  )  

(  ) 
 ,     ( )  

 

(      (  ))

(  )    

(    ) 
    ,   ),      

0
  

 
 
    

 
1 ,      

  0
    

 
 
    

 
1 ,     and 

     

L.Rempulsa and M.Skorupka (1996) [8], 

(1998) [9], studied the above linear positive 

operators in two variables. B.Firlej , 

M.Lesniewicz and L.Rempulsa  in (1999) [4], 

generalized and studied these operators for a 

function in two variables. Also, Rempulsa and 

Skorupka in the same year [7], introduced four 

theorems on the convergence of first 

derivatives of the operators (  )           , 

for functions of one and two variables. Abdul-

Razaq (2013) [12], study the Voronovskaya 

theorem for    Analogue of Szász–Mirakyan 

type operators in one variable which are 

defined by: 

     
(   )  ∑     (    )

 

   

 (
,  -  

, -  

)     

 ̃    
(   )

 
, -  

, -  

∑     (    ) ∫  ( )   
   

    

 

   

 

    (    )  
 

      
(, -  

 )

, -  
     

,  -   
 

,   

     *
,  -  

, -  

 
,    -  

, -  

+ 

  

The approximation of function by using linear 

positive operators introduced via    Calculus 

is currently under intensive research. Aral, A.  

(2008) [1], proposed and studies a 

generalization of   Szász–Mirakyan operators, 

(1950)[13], involving on the    integers. Aral, 

A. and Gupta (2006) [2], Mahmudove N. 

(2010) [10], studies a modification for     

Szász–Mirakyan operators. 

 We mention some basic definitions and 

notations used in q-calculus, details can be 

found in Ernst, T (2000) [5], Victor Kac 

Pokman Cheung (2002) [14]. 

, -            

 
    

   
         (       ) , - 

   

, -   , - , -  , -              , - 

   

0
 
 
1
 

 
, -  

, -  ,   -  
 

(   ) 
  (   ) (    ) (     )  ( 

      )  

The q-derivative of a function  ( )  denoted by 

     is defined by: 

(   )( )  
 (  )  ( )

(   ) 
    , and the higher 

q-derivatives as   
      

  
     (  

    ) (       )  

The formula for the q-derivatives of a product 

and quotient are  
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  ( ( ) ( ))

  (  )  ( ( ))

  ( )  ( ( ))                                             (   ) 

  (
 ( )

 ( )
)

 
 (  )   ( )   (  )   ( )

 ( ) (  )
               (   ) 

The q-exponential function define as:   ( )  

∑
  

, -  

 
    and the q-derivative of exponential 

function is defined by     
   , -  

    
The q- analogues of hyperbolic functions 

(Ernst, T (2000) [5], 

     (, - )  
  

     
   

 
 ∑

, -     

,  -  
 

 

   

 

     (, - )  
  

     
   

 

 ∑
, -         

,    -  
 

 

   

 

     (, - )  
     (, - )

     (, - )
 

  
     

   

  
     

     

 In our work, we define and study the following  

q- Szász–Mirakyan operators with two 

variables: 

(  ) ( (   )     ̃     )   

∑ ∑     (    )    ( ̃   )
 

   

 

   
 

  (
,  -  

, -  

 
,  - ̃ 

, - ̃ 

)                      (   ) 

(  ) ( (   )     ̃     )  
, -  

, -  

, - ̃ 

, - ̃ 

       

∑ ∑     (    )    ( ̃   )
 

   

 

   

 ∫ ∫  (   )    

        

          (   ) 

where     (    )  
 

      
(, - )

, -  
     

,  -   
  

    ( ̃   )  
 

     ̃ 
(, - )

, - ̃ 

  
   

,  - ̃ 
 
  

 and      [
,  -  

, -  

 
,    -  

, -  

]  

     *
,  - ̃ 

, - ̃ 

 
,    - ̃ 

, - ̃ 

+  

In this paper we study some properties of the 

operators (  ) ( (   )     ̃     )       

i.e. the convergence theorem,    th and   th 

order   moments then we study 

Voronovaskaya type asymptotic formula for 

these operators.  

2. Preliminary Results 

For the weight functions     (    ) of 

   Szasz-Mirakjan Operators we give the 

following lemma:  

Lemma 2.1: Abdul-Razaq (2013) [12] 

For   (   ), we have: 

( ) ∑     (    )

 

   

    

( ) ∑     (    ),  -  

 

   

 , -  
       

(, - )  
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( ) ∑     (    ),  -  
 

 

   

 , -  
      (, -  )

   , -  
     

( )     
    (    )  ,  -  

    (    )  

, -  
       

(, - )     (      )           (   )   

Now, we give the following lemma, which 

gives us the properties of   analogue 

integration 

Lemma 2.2: Abdul-Razaq (2013) [12] 

( ) ∫    
  

,    -  
, -  

,  -  
, -  

 
, -  

, -  

.(    ),  -  

  /   

( ) ∫     
   

 

, -  
 , -  

(, -  
 

,    -  
, -  

,  -  
, -  

  , -  
  

 ,  -  

 (  
   ),  -  

 )  

( ) ∫      
  

,    -  
, -  

,  -  
, -  

 

 (, -  
   , -  

   
 ,  -  

 

  , -  
  

 ,  -  
  (  

   ),  -  
 ). 

Lemma 2.3:Mohammad and Abdul-Razaq 

(2013) [3] 

For    , the  -th order moment for the 

operators (  )         are defined 

respectively as: 

( ) (    ) 
( )      

(    ) 
( )         

(, - )     

(    ) 
( ) 

 

, -  

      
(, - )

 , -  
        

(, - )

        

, -  
(      ) 

( )      
(    )

 
( )

 , -  
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( ) 

 , -  
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 ., - 
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(, - )( 

   
 )/ (      ) 

(   )                             (   ) 

( ) (    ) 
( )  (    ), -  

       
(, -  
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(    ) 
( )

 
 

, -  

  (
(, -  

  )

, -  

      
(, -  

 )   ) 

 (    ), -  
  (

(  
   )  

, -  

       
(, -  

 ))  

(    ) 
( )  

 

, -  

   

.(, -  
     )       

(, -  
 )  , -  
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  ) (      ) 
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In the next our theorem we prove  the 

operators (  ) ( (   )     ̃     )        

converges to the function  (   ) as    . 

THEOREM 2.1: 

Let     for all     ,   ), if  the 

following conditions hold: 

1.       ‖(  ) (      ̃     )   ‖    
 

   

2.       ‖(  ) (      ̃     )   ‖    
 

   

3.       ‖(  ) (      ̃     )   ‖    
 

   

4.       ‖(  ) ( 
         ̃     )  

(     )‖    
    

then, 

 ‖(  ) ( (   )     ̃     )   (   )‖    
 

                    

PROOF: 

To prove this theorem we need the properties 

of the weight functions     (    ) of 

   Szasz-Mirakjan in lemma 2.1 and lemma 

2.2:  

for      

( )    
   

‖(  ) (      ̃     )   ‖    
 

    
   

‖∑     (    )∑     ( ̃   )
 

   

 

   

  ‖
    

    

( )    
   

‖(  ) (      ̃     )   ‖    
 

    
   

‖∑     (    ) (
,  -  

, -  

)∑     ( ̃   )
 

   

 

   

  ‖
    

 

                    ‖       
(, - )   ‖

    
 

   



 Basrah Journal of Science  (A)     Vol.34(1), 50-65, 2016 
 

55 
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Now,  for      we have: 

( )    
   

‖(  ) (      ̃     )   ‖    
 

    
   

‖
, -  

, -  

∑     (    ) ∫    
 

    

, - ̃ 

, - ̃ 

 

   
 

 ∑     ( ̃   ) ∫   ̃ 
 

    

 

   
  ‖

    

   

 

 ( )    
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‖
, -  
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∑     (    ) ∫     
 

    

, - ̃ 

, - ̃ 

 

   
 

 ∑     ( ̃   ) ∫   ̃ 
 

    

 

   
  ‖
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(, -  
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‖
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 , - ̃ 

        ̃ 
(, - ̃ 
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 (     )‖    
                 

 Definition 2.1: 

For        the (   )-th order q-

moments (      ) 
(    ̃  (   )) for the 

operators  (  ) ( (   )     ̃  (   )) is 

defined as: 

(      ) 
(   )   (  ) .(   )   

 (  

 ) ̃ 

      ̃  (   )/      . 

The next lea gives us the recurrence 

relations for each (      ) 
  

Lemma 2.4: 

For        the  -th and  -th 

order q- moments (      ) 
( ) for the 

operators  (  ) ( (   )     ̃  (   ))  are 

defined respectively as: 

( ) , -  
, - ̃ 
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Proof: 

To  proof  (2.4) and (2.5) using the 

identities (1.1), (2.1) and lemma 2.3, we have: 
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Using  the fact: (   ) 
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This completes to proof of consequence 

(2.4); 

If    , we have:  
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3. Main Results 

The next theorem is a Voronovaskaja-

type asymptotic formula for 

(  ) ( (   )     ̃  (   )),        

Theoerm 3.1: 

For         
  suppose that 
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 and 
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Proof: 

if    ,we get: 

By Taylor's formula for  , about the point 

(   ), we have:V.Kac and P.Cheung, 

(2002) 
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{   

 (   )(   )      
 (   )(   )

    
 (   )(   ) }
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where   (   )    ((   ) (   )) is a 

function from the space        
(,   )  

,   )), and   (   )  (   ) as (   )  

(   ) thus,   (   )   . 
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Hence, the proof is complete 
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 ماركجان-لمؤثراث زاز qمه المىط  مبرهىت فرووىفسكيا                                 

 في فضاء البعديه

الخالد مسلم هديل عمر  

بصرة-الكليت التقىيت الهىدسيت-الجامعت التقىيت الجىىبيت  

 المستخلص:

       (,   )  ,   )) في فضاء البعدين  q هن النوط    Szãsz-Mirakjan لوؤثزات ابعة  هن اهتت   عزفنا في هذا البحث   

n  عندها الدالة إلىبزهنا تقارب هذه الوؤثزات   (   )     ورهزنا لهن بالزهز         (    (   ) ) (  ) بداية ,  

. وأخيزا اثبتنا صيغة فزونىفسكيا للتقارب اعلاه هن الوؤثزات ووجدنا الصيغة التكزارية لكل ثن عزفنا العزم لانهاية تقتزب إلى ال

 للوؤثزين. 

  

 

 

 

 

 

 

 

 


