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Abstract

In this paper, we introduce and study new two operators of g —Szasz—Mirakyan in two
dimensional space which are denote by (R,)1(f(t,s),qn Gn;x,¥),A =12 respectively, where
f € Cqp([0,00) X [0,00)), and x,y € [0,00) and gy, G, € (0,1); g5, G, — 0 as n — oo . First, we prove
that these operators are converging to the function being approximated. Then, we define the m — th and

p —th order g —moments. Finally, we prove Voronovskaya- type asymptotic formulas for the

operators (R,) 1 (f (t,w), qn, Gr; X, ), A = 1,2.

Keywords: g —Szasz—Mirakyan; g —integers; linear positive operators; sequence of positive numbers; m-

th order ¢ —moments; VVoronovskaya- type asymptptic formulas.

1. INTRODUCTION: two independent variables, and (g, —1) =
Suppose that C[0, ) denotes the space 0([n]™and (gn — 1) = 0([n]™).

of all continuous real-valued functions on the The space Cy g Is normed by the norm:

interval [0, o0) the space C, [0, ) of the space Iflle, s =

C[0, o) is defined as: SUP(¢.)e[0,00)x[0,00) | f (£ W) e"m(t+) g =

Cal0,0) = {f € c[0, 00): f(£) max{a, £} .

— a
0(e®), for some a > 0}. For  f €(,[0,0), L.Rempulsa  and

M.Skorupka (1997) [6], defined and studied the

following Szasz—Mirakyan type operators:

The space C,[0, ) in normed by the norm:
Ifllc, = supteo,co)lf(®)]e™, a >0
On the area ([0,) % [0,)),

o

2k
Ca 5 ([0,0) x [0,00)) denotes the space of all (L)L (F(E);x) = Z ap (Of (7)
continuous function such that |f(t,u)| < f=0
Ce®(ttw) C>0 = AN
e, for some €>0, and oF @) =5 Y an) [ f(00dt
max{a,f} wherea,f > 0.x,y € [0,00) are k=0 Lk
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f(0)
(1 + sinh(nx))

+ Z a0 ()

f(0)
(1 + sinh(nx))

+§an,k<x> | roa

1 (nx)2k

(Ln)s(f(0);x) =

(Ln)4(f(©); x) =

Where an,k(x) = cosh(nx) (2h)! , bn,k(x) =
1 (nx)2k+1 B

(1+sinh(nx)) (2k+1)!’ € [O’ oo), In,k =

2k 2k+2 * 2k+1 2k+3

I:?p n]l n,k:[n ) n],nENand

keN°

L.Rempulsa and M.Skorupka (1996) [8],
(1998) [9], studied the above linear positive
operators in two B.Firlej
M.Lesniewicz and L.Rempulsa in (1999) [4],
generalized and studied these operators for a

variables.

function in two variables. Also, Rempulsa and
Skorupka in the same year [7], introduced four
convergence of first
=1,2,3,4,

theorems on the
derivatives of the operators (L,);, 4
for functions of one and two variables. Abdul-
Razaq (2013) [12], study the Voronovskaya
theorem for g — Analogue of Szasz—Mirakyan
type operators in one variable which are
defined by:

- 2k
Rn,qn(f; X') = Z an,k(QnJ X) f <%)'
dn

k=0
ﬁn,qn (f5x)

I
NI F
rQ
MS

ank(qn:x) J-f(t)d t,

dn k= Ink
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1 [n]zk 2k
an,k(CIn' x) = COShqn([Tl]an) [Zk !
| [2k],, [2k+2],,

Ink = ’
’ [n]Qn [n]CITL

The approximation of function by using linear
positive operators introduced via g — Calculus
is currently under intensive research. Aral, A.
(2008) [1], proposed and studies a
generalization of Szasz—Mirakyan operators,
(1950)[13], involving on the g — integers. Aral,
A. and Gupta (2006) [2], Mahmudove N.
(2010) [10], studies a modification for g —
Szész—Mirakyan operators.
We mention some basic definitions and
notations used in g-calculus, details can be
found in Ernst, T (2000) [5], Victor Kac
Pokman Cheung (2002) [14].
[nlg=1+q+ - +q""
_1-4
1—q "’
=0
[n]g! = [1]q[2]q1...

b, =T
k q - [k]q! [n_k]q!

(t—x)g = (t—x) (t—
n 1x)q
The q-derivatlve of a function f(x), denoted by

D, f, is defined by:

(n=12..),[0],

[n]g for n € N, and [0]!

qx)q(t — q*x)q ... (t

(Daf) (@) = KL 1y =+ 0, and the higher
g-derivatives as DJf = f,

DIf = Dy(DF'f), (n=12,...).
The formula for the g-derivatives of a product

and quotient are
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D, (f () g(x))

= f(gx)D,(g(x))

+ gD, (F (X)) (1.1)
f(x)

ba (m>

_ g(qx)qu(x) - f(qx)Dqg(x)

= 99(@0) (12)

The g-exponential function define as: e, (x) =
k

I # and the g-derivative of exponential
7!

function is defined by D ef* = [n]eg~.

The g- analogues of hyperbolic functions

(Ernst, T (2000) [5],

enx_l_e—nx had [n]kaZIc
coshy([n]x) = % = z 2K
k=0 a
eNX _ o—nx
sinhy([n]x) = 1 > 1

i [n]2k+1x2k+1

= —| ;

£, T2k + 1]

_ sinhgy([n]x) _ eq* —e ™
coshg([n]x)  ef* +e;™

tanh, ([n]x)

In our work, we define and study the following
g- Szasz—Mirakyan operators with two

variables:
(Rn)l(f(tr u)l Qn: qn; X, y) =

z . z Ank (qn: X) An,j (Elnf y)
j=0 k=0

‘f ([Zk]qn [ZJ]qn>

[Tl] dn , [n]Qn

(1.3)

(Rn)z(f(t, u), "y CNIn; X, y) _ {H]Qn [n]ﬁn

52

Z . Z an,k(Qn: x)an,j(Qn' Y)
j=0 k=0

X J ff(t,u)dtdu

In,k In,j

(1.4)

1 [n]éﬁx”‘

coshg, ([n]x) [2k]g,!’

where ay,  (q,, x) =

2j

1 [nlg,y
coshg, ([nly) [2/g,!

2j

)

QAnp,j (Gny) =

and I, = [

2,
i = [[n]an '

[2k]g,, [2k+2]qn]
[n]Qn ’ [n]qn ’

[2) + z]qnl
[n]a,

In this paper we study some properties of the

(Rn)i(f(t' u)' qn, Qn; X, Y)' i=12
i.e. the convergence theorem, m —th and p —th

operators

order g —moments then we  study
Voronovaskaya type asymptotic formula for

these operators.

2. Preliminary Results
For the weight functions a,, (g, x) of
q, —Szasz-Mirakjan Operators we give the
following lemma:
Lemma 2.1: Abdul-Razaq (2013) [12]

For x € (0,), we have:

(1)) anplgn ) = 1;
k=0

@)Y nian D[2K],,
k=0

= [nlg, x tanhg ([n]x);
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(3) z A ic(qn, ) [2K]7,
k=0

= [n]g, x tanh,([n] x)

+ qn[nl? x%;

(4) xDq,, an i (qn, x) = [2k]q, ank(qn, x) —
[nlg, x tanhg, ((0]%) @ne(@n @x);  (21)
Now, we give the following lemma, which
gives us the properties ofg,, —analogue
integration

Lemma 2.2: Abdul-Razaq (2013) [12]

[2k+2]q
[n]Qn

(1) f dg t =

[Zk]Qn
[n]qn

n

[2k+2]q4
[n]Qn

— 1 2
QﬁJ;t%”‘hmnm“%h

["]qn

n

+2[2], 52k q,
+ (g — DI2K]Z);

[2k+2]q4
[n]qn

(3) j t?dg, t

[Zk]Qn
[n]Qn

_(2]

+3(2]q,9n[2K13, + (g7 — DI2K]3,).

n

+3[2]7 qnl2k],,

Lemma 2.3:Mohammad and Abdul-Razaq
(2013) [3]
For m € N, the m-th order moment for the

operators (R,);,A = 1,2 are defined
respectively as:

53

(D) (Tao), @ = 1

(Tn,1)1(x) = x tanhy ([n]x) — x;

(Tnz2), () = 77— tanhy, ([n]x)

[ ]Qn
— [2],,x* tanhg, ([n]x)
+ 2q,x?;

n]qn (Tn,m+1)1(x) =xDg, (Tn,m)l(x)
- [n]qnq;nx (Tn,m)l(x)

[n]qnx tanh ( x) (Tn m) (qnx)

+

[m]x
— [nlg, x*tanh,, ([n]x)(1

—(qn )) (Tnm 1) (an) (2'2)

(2) (Tno), () = (gn — DInlg,x tanhg, ([nlg,x)

+1,

(Tn,l)z(x)

_ 1 ([4]qn - 2)
‘mm*x< 2],

tanhqn([n]qnx) — 1>

(g7 + Day,
[Z]Qn

— tanhqn([n] qnx)>,

+(gn — Dlnlg,x* (

(Tn,z)z (x) =

il
(([4]% + ¢, — 2) tanhg, ([nlg,x) — [Z]Qn)
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2 (3, s
+x +dn — qn(qn — D(2g, — 1)

[g]qn
+ qn(qn
— Dlnlg,x* ((a2(13]q, — 24n)
+1) tanhqn([n]x) + ([ I,

) 22,
@) * B T,

[n]g, [m + 2],
q% [m+ 1 ( nm+1) (x)
= xDq, (Tn,m)z(x)

(Mg, [ mer.  [2la,
2 (CIn X = m) (Tom) ()

+ [n]an tanhCln([n]an) (Tn,m)z(an)
+ X (Tym-1),(@nx) ([mlg,
— (1 - qgMI[nl,, x? tanh, ([n

I G
2], m + 1], \ "

1g,x))

L men, 2l
_E<Qn X — [n]qn>)( nm+1) (x)
n]qn 1
[2]q m+1],. <q
= 1) (Tams2), () 23)

In the next our theorem we prove the

operators (R, (f(t,w), qn, Gn; x,v), A = 1,2.
converges to the function f(x,y) asn — oo.

THEOREM 2.1:

Let ne N for all x,y € [0,00), if the

following conditions hold:

1' limn—>oo||(Rn)/1(1r an CNIn: x' }’) - 1”Ca,ﬁ =

0;

54

2. limpoll (R qny Gns %, ) — Xlle, =
0;

3. limpooll(RA(W, Gy Gni %, ¥) = Yllc, ; =
0;

4. 1imp el (R A(E% + U, @, Gns X, Y) —
(?+¥)lc; =0,

then,

I(RA(f (& W), gy Gni %, ¥) = F O Wle, p =
Oasn > oo, 4 =1,2,3,4.

PROOF:

To prove this theorem we need the properties

of the weight functions

an,k(‘]n: x) of
q, —Szasz-Mirakjan in lemma 2.1 and lemma
2.2:

for A=1

(D) lim [[(Rp)1 (L, G, Gn; %, ) = 1llc,

Z Ank (Qn; x) Z . Qn,j (an Y)
k=0 j=0

= lim
n—-o0o

-1 = 0.

Ca,B

x”Ca_B

) Z;:o @, (G ¥)

(@) 1im (R (& Gy s %, ) —

© [2k]q,
Zk_o An i (Gns X) <m

= lim
n—-oo

Ca,ﬁ

=l [ tanhy, ((n)) = x|, =
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(3) iMool (Re)s (4, G G 4, 9) = ey (2) Jim 1CRn)2 (8, G, i %, Y) = *lle,,
1 Y7 0@ Y @y (A ], [,
2 [| Ly “ 0 Ly o g, ) = i |22 anean ) [ et

n—oo [Z]qn k=0 . 2 dn
nk
-y
Ca,ﬁ @ ~
XZ- Oan,j(qn,y) qunu—x =0
j=
= lim, ||y tanhy, ([n]y) — s Cap
=0.
Ve,
: 2 2 ~ 2 i L
(4) 1im [|(Rp)1 (62 + 42, G, G %, 7) = (X =i e
n-o qn
+¥9)lcy, ([4]q, —
2 + 2l x tanhg, ([nl,, x)
oo [2k], © 4
— 1 n (5 q (q —1)
}LI_I;I;IO <Zk=0an'k(qn'x)<[n]qn Zj=0an,](Qnﬂy) +W[n]qnx2—x = 0.
n Ca.B

+Z ank(Qn'x) Z}_ an](CIn»J’) <[[n]](7 > )

(3) Tllgloll(Rn)Z(ui qdn» Qn» X, y) - }’”Cmﬁ
—(*+y%)
Ca’,B
= lim [n]qnzm An i (Gn, X) fd
<1 tanhy ([n] x) + q,x2 2 [ 12lan S0 qn[z
= ——x tanh,([n] x x nk
nooo ||\ [, q n
1 ” 5 _ _
+ ytanhq([n]y)+éiny2> Xz._oan.j(qn'y) Judqnu y =0
[n]‘jn = Inj
3, Ca,B
— (x2+y?) = 0.
g Cap = lim ! + (14)q, - 2)ytanh~ (Inls,v)
n—-oo [n]qn [2]1771 an an
Now, for A = 2, we have: ~ x4
) ) q (q _ 1)
o May -y
(D) lim [[(Rp)2 (1, G, G %, ) = Ll - Cap
] -7
n oo
= lim qnz a k( , n
o (|2l Lo M ) 2 Ja (4) 1im (R (£ + 2, G, s %, ) — (47
0 +y2)”Caﬁ
xzj_o an,j(Gn, YY) qunu— 1 =0
In,j c o
ap . [n]qnz f [nlg,
-t Y, onston [ gt

55
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Xzan,j(Qn:y) f dqnu

Jj=0 In,j

[n]g, O™
+ o E i (G
[2]qn k=0 n,k(Qn I
nk

Xz. Oan,j(Qn:y) fuqunu)
]:

[n]g,

—(x*+y?)
Ca,B
e [2]Z, 3qs
= Al_r& ([3]% i + el x tanhg, ([n
3qn
+ [3]qn b
+ (qn - 1)([3] - an)
[n]g.,

x (q3[n]3,x® tanhg, ([nlg,x)

+ qnx?[n], (1

+ (2], )+[nlq, x tanhg, ([nlg,x))
213, _ 3dz

B, Ty, e (an)

dn

+ 3qn yz + (qn - 1)([3] - ZQn)

[3]4, [n]Z,

x (G313, y® tanhg, ([nlg,y)

+ Gny?[nlZ, (1

+ [2]g,)+[nlq,y tanhg, ([nl5,¥)))
—(? +yHlle,, =0 m

Definition 2.1;

]an)

Form,p € N° the (m,p)-th order g-

moments (Un,m,p)l(qn'qn; (x,y)) for the

operators

(Un,m,p)l(x' Y)

VG s G (67)), 4 = 1,2

(Rn)/l(f(tr u), qn C~In; (.X', Y)) is

defined as:

(Ru)a((t = )7, (u—

The next lea gives us the recurrence

relations for each (Unm) -

Lemma 2.4:

Form,p € N° the m-th and p-th
order g- moments (Un’m,p)l(x) for the
operators  (Rp)2(f (¢, ), qn, Gn; (x,y)) are

defined respectively as:

(1) [n]qn [Tl]qn (Un,m+1,p+1)1(Qn' qn' (X, Y))

= [xan (Unm) (qn,x) — [n anTTlnx (Unm)l(Qn: x)

+ [n]g,x tanhg, ([1]x) (Upm), (@n, gnX)
+ ([m]x
— [nlg, x*tanh,, ([n]x)(1

—(qn )) (Unm 1) (Qn: x) ] [qun (Unp) (Qnr Y)

~ [Mg,dY (Unp),@Gn ¥)
[n]g,y tanhg, ((n]y) (Unyp), (G Gny)
([p]y

— [nlg,y?*tanhg, ([n]y)(1

=) Unpr),@n@ny) | mp =1 (24

+
+

[n]qn [n]ﬁn [m + Z]Qn [p + Z]qn
qrgs [m+ 1]qn [p+ 1]f7n

(2)
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(Uﬁnn+Lp+1)2(Qn'Qn'(x;Y))

xan (Un,m)z (Qnr x)

2
g Ba) )

qn [n]q,
+ [n] g, x tanhy ([n]g, x) (Un’m)z(qn, GnX)
+x (Unm-1),(@n @n%) (Imly,
— (1 - ¢MInl,, x? tanhgy, ([nl,, x))
[n]?

+ m+1x
2], m + 11, (""

1 m+1 [2] n
a <qn T ﬁ)) (Unmes), (@ 2)

n

[n]Z, 1
g, m+ 1, (@ - 1) (Unme2), (@n 2)| X
yDg, (Un,p)z(qn' Y)
(Mg, [ pe1 (2], _
- T;_g< n - [n]:; >(Un’p)2(Qn: y)

+ [n]dny tanhqn([n]qn}’) (Un,p)z(qn' qny)
+ y (Un,p—l)z(qn: qny) ([P]qn
= (1= 3)[nlg,y? tanhg, (Inlg,y))

[n]z ~p+1
T 2llp + 105, ("" Y

1 ) 214, i
_%<q,€+ y— {n}q )) (Unps1), (@)

qdn
G
[2]g,[p + 114, \G}

- 1) (Unp+2), @ )|, mp
>1 (2.5)
Proof:
To proof (2.4) and (2.5) using the

identities (1.1), (2.1) and lemma 2.3, we have:

For A =1:

57

xqun,qn (Un,m,p)1 (@, Gn, (x,¥))

Z(t - x)Z;an an,k(Qn: x)
k=0

— [l ) @, Ga) (¢

k=0

-X 2:1_1] Z an,j(qn' y)(t - }’)Zn

j=0

+

E(t - y)gann Ak (Gny )
=0

=~ [P1Y ) n (G G (¢
=0

(0]

D ani@n 0 =07,

k=0

p—1
- y)qn

|%Dq,, (Unm), (@ %)
+ [m]x (Un,m—l)l(Qn' an)] [qun (Un,p)l(an Y)
+ [p]y (Un,p—l)l(Qn' an)]

> (12Kl g, @ni(an
k=0
- [Tl qn X tanhqn([n]x) An,k (Qnr an)) (t

=02 || (12714, @@ )
1lj=0

— [nlg, ¥ tanhg, ([n]y) an,j(@n, 3a¥)) (t

Using the fact: (¢t — x)g* = (t — x),(t —
qO)g "t =t —q0F —x(1-
qmM(t — )7

we get:

|%Dg,, (Unm), (@ %)

+ [m]x (Un,m—l)l(qn' qnx)] [qun (Un,p)l(qn' y)
+ 11y (Unp-1), (@ns Gny)|
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- [n]q qn (Unm+1p+1) (Qn Qn (x Y))
= |[nlg, ) ank(qn x)(t —qn'x) (€ —x)™
[ " 2, [xan (Unm), (@)

k=0
+ [n]CInqznx z an,k(qn' x) (t - X)m n ann X (Un m) (qn x)
=0 [n]an tanhlln([n x) (Unm) (qn) qnx)

(tm]x
nlq, x*tanhg ([n]x)(1

-
- qnx)m
+ [n]g,x? tanh, ([n]x)(1 —an )(U’“" 1) (g5, %) ”qun (Unp) (G y)
= [nlg, @Y (Unp), (@ ¥)
+[n
—[n

+ +

= lg, x tanhq, ((n1) ) ani(Gn, 4u2) (¢

—n )Z Ak (G Gux) (t — qrx)™” 1] X ]q y tanh; ([n]y) (Unp) (G, Gny)

o]

[z, Z @, (Gn, ¥)(t = Ghy) (t = ¥)P ]q y?tanhg, ([n]y)(1

j=0 - ﬁ)) (Un,p—l)l(CInr Gny) ]
+ [n]qnq};yz an (G, y) (€ — )P This completes to proof of consequence
' (2.4);
= [nlg, ¥ tanhg, (1) ) an(Gn Ga3) (¢ If 2 = 2, we have:
j=0
- qny)p

[n]qny tanhg ([n y)(l

- qg) Z Qn,j (qn' qny) (t - qny)p—l
j=0

Hence,
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DQn an (Unmp) (qn' qn' (x' y))

HZZZD"” anan ) | (¢

—x)gidg t "
[n]qn N
- [m]qn [Z]Qn ;an,k(qn' qnX) IJI;(t
— qnx)gs 'd t] E}q Zan,(qn.y) f(t
dn j= Inj
—y)? d~ S
[nlg,
len Z Do) | |
—x)gndqns
(g,
- Play T ]z o 803 f t
[, N
— g, p— 1d an " n' t
GnY)q S] [Z]anzoa i(q x)lnfk(
—x)gtdg t

X [xan (Un,m)z(an x)
m]x (Un,m—l)z(an an)] [qun (Un,p)z(qn' y)
+ [Py (Unp-1),(@n Gny)|

Z}Z:quqn anlan ) | (¢

Ink

Tl dn ~
zqunan,j(Qn'y) f(t
[2]5, &
Jj=0 In,j

—x)qidg t

- )’)gndq S

59

|nlg, X
- [[z]anz;)[Zk]qn ank(Qn:x) f(t

Ink
IE;l}qnZ)('tanh—qn( q”x)zank(qnfqnx) f(t
Ink
*Janda tH; Z[ZJ i Anj (Gn, ¥) J(t
In
—y)’f i

2

Eg ytanhqn( qny)zan](CIn’ Gny) f(t

Inj

- Y)gndqnsw

| g, 1 - <[2k + 2],
- [q%mqn o+ 115, ,Z il O\ g

m+1 2
B x) <qn[2k]qn

+aqnx — q%”“?C)

+ [2lg, — [2lg,
[Tl] an

o]

T > eaan ) (T
RNCREEED
+ {ZL: x tanh, ([n],, x) Z Ak (G qnx) Ifk(t
— qnx)q,dg,t
+ E} f: 2 tanhg, ([nlg,x) (1
—dn )2 an e (qn) qnX) f (¢

Ink

- qnx)gl_ldqnt] X
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- 2j +2],
l p + 1 Z n](q‘n Y)<
PHL a2y )
) (et
512”3/)
[n]Z 1 >

_ [nlg, . 1214,
(2], [p + 1]g, JZ; (e Y) < [nla,

p+1 [2 .
]]qn ~p+1 = ~p+1l
— +

[Z]q
- qny)qndqns

[n]Z
+ [z]qn yz tanhQn([n]Qny) (1
- Qn)z aTL](qu Qny) j (t
- qny)g’;ldqns]

/)

ytanhqn( n]qny)zan i@ @ny) f (¢

Inj
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_|[nlg, [m+2],,
- [ q% [m + 1]qn (Un,m+1)2(x)

(]G,

(Un,m+1)1(x)

- m+1x(Unm+1) (x)

g, m+ 1],
— [nlg,x t‘mhqn( 1], %) (Unm), (@)

+ [n],, x* tanhy, ([nl,, x)

X (1 - q;Ln) (Un,m—l)z(qnx)

S ——

215
1](371 (Un,p+1)2(3’)

1
" [2]4.[p + 115, (ﬁ - 1) (Unps2), )

[ ]Nn ~p+1 [Z]Nn
T <q7’3 y—[n];f) (Unp), )

_[Z]_an>
[ ]qn

= _ [p+1]qn ( np+1) )

- qp+1Y(Un,p+1)1(y)

[2]5,[p +1]g, ™"
- [n]qn}’ tanhqn([n]an) (Un,p)z(qn:)/)

+ [nlg, ¥* tanhg, ([nlg,y)

]
|
x (1 - C7111)) (Un,p—l)z(qny)Jl

Hence:
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[n]q,[nlg, [m+2]q,[p + 2]g, %
qrdr  [m+ 1], [p +1lqg,

(Un,m+1,p+1)2 (Qnr C~1n: (x, Y))

xDq,, (Unm),(@n, X)

_%( me1 _%>
61721 q‘n ve [n]qn (Un,m)z(Qn'x)

+ g, x tantg, (g, ) (Unm), (n, @)
+Xx (Un,m—l)z(QnJ qnX) ([m]qn
— (1= gInlg,x* tanhqn([n]qnx))

[n]Z m+1
21, [m+ 1, \ ™" ¥

1 2
@ <q%”“x - &» (Unim2), @)

[n]Qn
___ [nkg, &
[2]g,[m + 1]4, \q5

- 1) (Un,m+2)1(Qn' x)

_%(~p+1 _[2]~n> _
2\ Y T (Unp),@n )

+ [Tl] qny tanhqn([n] an) (Un,p)z (qn: qny)
+ y (Un,p—l)z(an qny) ([p]qn
= (1= Gn)[nlg,y? tanhg, ([nlg,y))

[n]z ~p+1
" 2lalp + 105, ("” Y

_i ~p+1 _[Z]qn> ~
ﬁ%(qn Y Ty >(Un,p+1)1(Qn'y)

qun (Un,p)z(qn' y)

[n]3, ( 1
[2]5,[p + 1134,

n
- 1) (Un,p+2)1(€lm }’)‘ . u

3. Main Results

The next theorem is a Voronovaskaja-
type
(RA(f (8, 8), qn, G (x,¥)), A = 1,2
Theoerm 3.1:

asymptotic formula for

For  f€Cy,q,  Suppose  that
%f(xy) 9%f(xy) 9%f (x,y) .
Zx oty and “oxty exist and are

continuous at a point (x,y) € ([0, ) x
[0, 0)), then :

lim n[(Rp)2(f (¢, 5), qn, Gn; (%, )
—f(x )]

-

61

\"2

(Lo o . _
(3 (o) + 385, 3)), =1
fiGoy) + £, (x, )
1 xfex (6, ) : , )
<+Yf;v"y(x, y)> fey o), if A=2.
Proof:
if 1 = 1,we get:

By Taylor's formula for f, about the point
(x,y), we have:V.Kac and P.Cheung,
(2002)

+ L,y —y)

1 R "
+ o (e Co )t = 02 + 2fy (E = ) (w = y)
+ foy (6, 9 (u — )%}

+@1((t,8); YV (E = 0% + (u—y)%,
where  @,(t,s) = ¢1((t,5); (x,y)) is a
function from the space Ccal,az([o’ ) X

[0,00)), and ¢;(t,s) = (0,0) as (t,s)—
(x,y) thus, @,(x,y) = 0.
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(RA(f (6 8), Gy Grns (, 7))

=f(xy)

+ £ 6 y) (R 2 ((E = %), Gy Gs (. ¥))
+ fy (6 ) (RIS = ¥), Gy Grs (%, ¥))

1 .
+ Ef;cx(x; V)R 2((t = %)?, @y, G (2, 1))

+ foy (6, )R A ((¢
- X), dn, qn; (xr y))(Rn)/l((S
= ¥), qn Gn; (x,Y))

1,
5y (6 IR (G5
—= )% Gn, Gn; (X, ).

+(Rp) (01 (&, )t — ) + (u— y)*,

Gn> Gns (X, Y)) 3.1
= 11 + 12

Using lemma 2.5, we have:
Fori=1

L = f(x,y) + f{(x,y)[x tanh, ([n]x) — x]
+ £, (x,y) [y tanhg ([n]y) — ]

X
il tanh, ([n]x)

1 .
+ Ef;cx(xr y)

— [2]4,x? tanh,, ([n]x) + 2g,x*
+ foy(x, ) [x tanh,, ([n]x)
— x] [y tanhg ([n]y) — y]

t5 fyy(x J’)l tanhg, ([nly)

[ ]Qn
— [2]5,y? tanhg, ([n]y) + Zfln)’zl
Then

= 2 (< Coy) +y5 )

Now for A = 2 we have:

lim[n]

n—-oo
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11 = f(x: y) [(Qn - 1) [n]qnx tanhqn([n]qnx)

+1] + i (x,

([4]q, —2)
+x<—[2

]Qn

tanhy ([, x) - 1)

(g3 + Day

+ (gn, — Dnlg, x? ( 2,

- tanhQn([n]an)>l
1
+ () [W
+y <([4]q”—_2) tanhg ([n]q y) — 1)
[z]fln n n
. (@7 + Din

— tanhg, ([n] %ﬂ)l

1 .
+ Efxx ’

x (([41g, + an

nlg,x) = [Z]qn)

— 2) tanh, ([

3qx
+ x?
<[3]Qn

+ 5 — 4n(qn — DQ2aqn — 1) — ([4]4,

— 2) tanh,, ([n] qnx)>

+ qn(qn
_ 1)

- ZQn)
qn ~ Qn))

((Qn(
+ 1) tanhqn([n]x) + ([ ]

(215, l
[31q,[nl5,
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Now, we must show that the term

’ 1
+fxy (X, y) l—

o [21Ru)2 (016 Y& =207+ (0= )% G s (5
+ x <[;+ tanhqn([n]qnx) 0asn — oo.
dn
_ 1) By Cauchy-Schwartz inequality, we get:
¥ (@ = Dlnly 22 (M n1 | (Roda (016 VT =207+ (=30 s i (x,

< IR (@12 (6 5), Qs G 2, )] /2[R ((t
— )%, qn; x) + (Rp)a((u — ¥)*, G y)]l/z

_ tanh, (In M))]

+y(([ lg, — 2), tanhy (Inla.y)

[2]g, Now, by the properties of ¢ (x,y) =
_1> Oast—->xands -y we get
52 + 1)d [(Rn)l(l' Gns Gns X, y)] = (plz(x: :V) =0
+ (G — Dinlyy? (%
n Tlli_l;IC}O(Rn)/l((plz (t: U), dn, Qn; X, Y)
- ta"hqn([”]qny)ﬂ = 0.2(x,y) = 0.
1 . 1 .
) l[n} y (([4]% ‘a Thus, from lemma 2.3, we get:
dn
~ 2) tanhg, ([nlgyy) — (215, ) A (Al =% i)
+y? ( o + (S (=) s )] 72
[B]Qn
+ qrsl — 4n(G@n —1D2g, — 1) = %i_r)go[(Rn)A((t - x)4; qn; x)
— ((4g, — 2) tanhg,([nlg,y )> + R = )% Gus )] /2
+qn(qn ~0asn— oo
= Dinlg,»” ((q (31g, —2an) Therefore,
+ 1) tanhqn([ nly) + ([ I3,
s L] lim [n] (Ra) (01.(6 )V (E = 0% + (= )% x,y

— 0asn — oo,
Then, lim,_[n] I, = f/(x,y) +

£(x,y) +%(xfx"x(x,y) +yfy"y(x,y)) n Hence, the proof is complete
fx",y(x'ﬁ)’) []
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